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ABSTRACT 

This document presents a South Carolina statewide 
consensus of what children are expected to know and be able to do in 
mathematics and the changes necessary in the education system to 
support what teachers and students do every day in the classroom. 
Chapter titles are: (1) "A Vision for Change"; (2) "Learning and 
Teaching Mathematics"; (3) "K-12 Mathematics Curriculum"; (4) 
"Instructional Materials"; (5) "Assessment"; (6) "Professional 
Development of Teachers of Mathematics"; and (7) "Essential Support 
Systems," including administrators, school boards, parents, business 
and industry, elected officials, and the media. Appendices contain 
the K-12 mathematics curriculum standards by content strands and the 
South Carolina Chamber of Commerce Education study. (Contains A3 
references.) (MKR) 
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Dear South Carolinians: 

On November 10, 1193 the State Board of Education adopted the 
first three frameworks in Foreign Languages, Mathematics, and the 
Visual and Performing Arts to guide policy and practice throughout 
the state's education system. The learning standards outlined in the 
South Carolina Mathematics Framework are the result of over a year's 
discussion in which thousands of South Carolinians took part. After 
the dedicated teachers, higher education faculty members, and commu- 
nity members had written, reviewed and come to consensus about 
what we want students to know and be able to do in Mathematics, we 
proudly presented this framework to the State Board of Education for 
their adoption. Whether you are a student, parent, school staff, an 
administrator, a local business person, or a concerned community 
member, you can feel very excited about the accomplishments which 
this framework represents. 

Now that we have a framework in place, the real work begins for 
the State Board of Education, the State Department of Education and 
all South Carolinians. That work is to carefully review the entire 
system of education against the recommendations in this framework 
and to propose and support changes in that system that can translate 
the South Carolina Mathematics framework into classroom practice. 
We believe that all students can learn at high levels. The three frame- 
works already adopted and those under development in Science, 
Enghsh Language Arts, Health and Safety, Social Studies, and Physi- 
cal Education will ser\'e as the guides to enable the system of educa- 
tion in our great state to deliver on that belief. We salute all of you for 
your involvement and dedication to that goal. 



Sinccfiiv, Sincerely, 




Barbara Stock Nielsen, Ed.D. 
State Superintendent of Education 



Samuel M. Greer, Ed.D. 
Chairman, State Board of 
Education 
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The South Carolina Mathematics Framework presents a statewide 
consensus of what we expect children to know and be able to do in 
mathematics and the changes necessary in the education system to 
support what teachers and students do every day in the classroom. The 
framework challenges all of us to provide mathematics programs with 
greater focus on understanding essential mathematical ideas; more 
emphasis on investigation, analysis, and interpretation of real-life 
problems; and the realization that talking and writing about important 
mathematical concepts is as valuable as computational skills. 

This framework is not a program or curriculum guide, but is 
intended to be used by policymakers, instructional leaders, teachers 
and communities as a broad instructional design for continuous im- 
provement of the education system. The framework can serve as a 
common reference point to ensure that all components of the education 
system work together and reinforce the same vision of instructional 
excellence for all students in our classrooms. 

The planning for this framework, which was shaped over two 
years, began with the appointment of a writing team of teachers rcprc- 
.scnting all grade levels, administrators, and post-secondary faculty 
who have either written, taught, or lectured in the discipline area. This 
team made fundamental decisions regarding the basic tenets for math- 
ematics, student performance standards, how students learn and differ- 
ent ways to teach, instructional materials, and what parts of the system 
must change to support this vision. The team drew from the expertise 
and reports provided by the South Carolina Curriculum Congress and 
existing national and state documents including the Education Study: 
"What Work Requires of Schools" from the South Carolina Chamber 
of Commerce. The initial draft framework was distributed to districts, 
schools, county libraries, members of the business community, par- 
ents, and colleges and universities for extensive public review and 
comment. Final revisions to the document were made based on the 
results of the Held review process and the framework was submitter . io 
the State Board of Education for adoption. 

Following State Board adoption, the frameworks will guide the 
State Department of Education and others responsible for thi- quality 
of mathematics education in South Carolina to pursue the policy and 
program changes advocated in the framework. No policy or pro^' am 
changes are automatically in effect as the result of the adiiplion of this 
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framework. Many of the types of changes recommended in this frame- 
work will require formal approval of regulatory or statutory changes or 
I are a matter of local authority requiring action or approval of school 
districts or local school boards. We urge all who have a stake in South 
Carolina education to use it in shaping their policies, programs, plan- 
ning, budgets, and personnel decisions. 

The changes outlined in the framework will take time. All 
the instructional goals cannot be met overnight, within a few months, 
or even a few years. These changes will require thoughtful discussion 
and the necessary support in place, such as the provision of pi jfes- 
sional development a'»d instructional materials that support the type of 
instruction program that schools and communities want for their 
children. 

The planning document Using Curriculum Frameworks for Sys- 
temic Reform provides a State Department of Education response to 
support this framework and represents a point of departure for state- 
wide discussion and joint planning. Policy changes at the state level 
may include instructional materials selection, assessment, school 
accreditation, teacher certification/recertification, and professional 
development. 

This framework appropriately and accurately describes the math- 
ematics programs that should be established in our schools. We know 
what is required. Now we must move forward, each responding at our 
own pace, but all moving in concert to make the promise of this 
framework a reality foi" all students. 
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What Is a 

Maih e m a t i c s F r a m e w a r k ? 

This Mathematics Framework presents the essential components 
necessary for improving mathematics education in South Co' olina. It is 
a visionary document designed to provide the guidance needed to 
ensure that every student in South Carolina has the opportunity to 
receive the best possible education in mathematics. 

This framework communicates the core understandings m math- 
ematics that every student is expected to learn. It does not contain the 
specific, detailed curriculum that is actually taught in each school. 
Rather, it sets out broad curricular themes, topics, and objectives in 
multi-year blocks. It communicates the spirit, not the specifics of the 
mathematics curriculum. It communicates the core understandings, 
attitudes, and a way of thinking about mathematics that are essential 
for effective mathematics instruction. However, it is lefl to districts, 
.schools, and cla.ssroom teachers, and parents to determine how these 
curriculum standards can best be attained for the students. 

This particular Mathematics Framework includes the following 
key components: 

• the vision for mathematics education in South Carolina; 

• how students learn mathematics and how teachers can teach 

mathematics effectively; 

• the core curriculum in mathematics for grades K- 12, with 

sample activities and problems that can be used to implcmeni 
this framework; 

• criteria for the selection of instructional materials; 

• assessment of teaching and learning of mathematics; 

' the professional development of teachers of mathematics; and 
■ es.sential support systems for translating the curriculum 
framework into classroom, school, and district practices. 

This framework communicates clear expectations lor all South 
C^arolina students and programs. It is the basis from which slate and 
local educators can obtain guidance and support in providing the best 
human and material resources possible for each student and schi)ol. 
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With a common set of content standards and a shared vision, this 
framework guides the development of stale policies and programs 
concerning 

• the adoption of instructional materials, 

• the preparation of teachers and administrators, 

• profejssional certification requirements, 

• professional development opportunities, and 

• student assessment. 

The unity achieved through this sramcwork provides the opportunity to 
create a strong system of high q iiiity mathematics education through- 
out the state of South Carolina. 
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A Rationale for Change 



If South Carolina students are to function effectively as adulLs in 
today's society, they must know and be able to use mathematics in 
both their personal lives and their professional lives. When they leave 
school today, they must be niathematically literate. To ensure that they 
have the opportunity to develop the mathematical literacy they need, 
our present system of mathematics education must be strengthened and 
improved. The reform of that system is the goal of this Mathematics 
Framework. 

Mathematics in Everyday Living 

An educated electorate is the foundation for a sound democracy. 
Our citizens must have the mathematical knowledge and the analytical 
.skills necessary to make informed decisions about our political, social, 
and physical environments. Interpreting masses of data that appear in 
the media, understanding the financial cosLs of government actions and 
policies, or judging the quality and effectiveness of health care options 
require us to know and understand more mathematics than in the past. 

Eiducated consumers are important for a healthy economy. Manag- 
ing personal finances effectively requires mathematical knowledge to 
make informed decisions about spending, borrowing, saving, and 
investing. Mathematical illiteracy in financial matters can .seriously 
affect the quality of our everyday living. 

Mathematics is a universal part of human culture. This legacy 
.should be part of the general education of everyone. Abstract concepts 
from arithmetic, geometry, algebra, stati.stics, and analysis have been 
developed over .several thousand years by many races and cultures. 
These ideas need to be learned by each generation in order to pass this 
mathematical legacy on to future generations. 

Society's Perception of Mathematics 

Society has many misc( nceptions about mathematics and its role 
in our world. Mathematics is incorrectly viewed as a collection of 
rigid rules and procedures which are unrelated to each other and which 
are to be learned without understanding. Consequently, mathematics 
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is perceived by many to bf; difficult and demanding and is considered 
to be a subject in which it is socially acceptable to do poorly. Society 
underestimates the pervasive role of mathematics in both the world of 
work and the world of everyday living. Many people consider school 
mathematics to be irrelevant, unnecessary, and unrelated to the math- 
ematics they encounter in their professional and p)ersonal lives. These 
false perceptions and unfortunate attitudes about matheniatics have a 
significant, negative impact on mathematics education. These percep- 
tions must he changed. 

Mathematics In the World of Work 

Our economy has changed from an industrial base to an informa- 
tion base, with technology now playing a dominant role. Calculators 
are everywhere in the workplace, and computers are being used in 
ways undreamed of several decades ago. The fastest growing kinds of 
jobs require more analytical skills, not more mechanical skills. These 
changes are affecting not only what mathematics is important in the 
world of work but also how mathematics is used and applied there. 

The kinds of mathematics needed in today's jobs are different from 
the kinds of mathematics needed in yesterday's jobs. For example, a 
technician in the semiconductor industry needs to understand algebra 
and have access to a computer to solve this problem: 



The Semiconductor Industry: You are using a Type J 
thermocouple to measure the temperature of a VLSI chip under 
a iheiTTial stress test. You record a voltag''. of 0.025 volt. Use the 
calibration formula shown below to compute the temperature 
indicated by the thermocouple. 

r = -0.48868252 + 19,873. 14.503V - 2 1 8,61 4.5353 + 
1 1. 569,199.78V' - 264,9l7,53l.4V* + 2,018,441 314V' 

where 7'i.s the temperature of the therm(x:ouple in C*, and 
V is the thermocouple voltage. (Reprinted with permission from 
Applied MdthematH S, Unit 14 Teacher's (luide, 1988, p. 51) 



A Vision For Change 



5 



An engineer in the aerospace industry needs to have a good under- 
standing of probability to set up and solve this problem: 



The Aerospace Industry: An aerospace consulting com- 
pany is working on the design of a spacecraft system composed 
of three main subsystems, A, B, and C. The reliability, or prob- 
ability of success, of each subsystem after three periods of 
operation is displayed in the following table: 



A 
B 

C 



1 day 

0. 9997 

1. CXXX) 
0.9961 



3 J mos. 

0.8985 
0.9386 
0.9960 



8^ mos. 

0.6910 
0.7265 
0.9959 



These reliabilities have been rounded to four significant digits. 
The 1.0000 in the first column means that the likelihood of the 
failure of subsystem B during the first day of operation is so 
remote that more than four significant digits are needed to 
indicate it. 

(a) Consider the case of the series system shown in Figure 1.1. 
If any one (or more) of the subsystems A, B, or C fails, the 
entire system will fail. If is the total probability of success 
of this system, find P, for each of the three time periods. 



C 



Figure 1.1 

(b) The system shown in Figure 1.2 will succeed if B succeeds 
and at least one of A or C succeeds. Find the probability 
of success for this system for the 3.3-month time period. 



Figure 1.2 

(Reprinted with permission from Kastncr, Space Mathematics. 
1985. pp. 75-76) 
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As the mathematics needed in the workplace is changing, our 
economic survival as a global power is being threatened. It is essential 
that «ve become more competitive internationally. The present levels of 
mathematics achievement in our schools, however, are not sufficient to 
sustain our nation's leadership in a global society that is information 
based and technology driven. A work force that is well educated in 
mathematics is necessary for our survival. Our students need to learn 
the mathematics that technology in their jobs will require. At the same 
time, their mathematics education must be broad enough to qualify 
them for tomorrow's jobs as well as today's jobs. Our students must be 
prepared to become both learners and users of mathematics during the 
rest of their lives. 

Changing demographics are affecting the quality of our work 
force. The number of graduates of U.S. citizens in mathematics at 
both graduate and undergraduate levels has been declining. American 
universities and colleges grant more doctorates in mathematics to 
foreign students each year than to U.S. citizens. Furthermore, 
predictions indicate that today's minorities will become tomorrow's 
majorities. But our present system of mathematics education filters out 
many minorities and women from the study of mathematics, reducing 
our pool of workers with good mathematics training. Having the 
majority of our population mathemi ♦-rally illiterate is the waste of a 
valuable natural resource that we c: Jinot afford. Equal opportunity 
for everyone in a high quality mathematics education is an economic 
necessity. 

Business and industry have a vital stake in the mathematics educa- 
tion of our students. The South Carolina business community recently 
voiced its expectations for the graduates of our school system in a 
survey of members of the South Carolina Chamber of Commerce. This 
survey was designed to identify those skills and competencies high 
school graduates in South Carolina need in order to be successful in 
the workplace. Many of the workplace skills and competencies that 
emerged from the survey are related to the learning of mathematics; 
for example: 

Thinking skills: being able to identify and weigh all options and 
choose the best alternative; recogni/.e problems and develop 
plans of action to address them; conceptuaii/.e and process 
information. 

* Information: being able to interpret and communicate informa 
tion to others; organi/.e information in a way that suits their 
needs; use computers to process information. 
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' Interpersonal: being able to be a good team player; appreciate and 
work well with men and women from diverse backgrounds; 
teach others new skills. 

* Basic skills: being able to communicate thoughts, ideas, informa- 
tion, and messages in writing; perform basic mathematics and 
apply it to everyday situations in the workplace; organize ideas 
effectively and communicate orally; locate, understand, and 
interpret written information in a wide array of documents, 
graphs, etc. 

Technology: being able to select and use appropriate procedures, 
tools, or equipment, including computers software, and related 
technology. 

The complete list of all 37 skills and competencies appears in 
Appendix B. 

The Current State of Mathematics Education 

Our present system of mathematics education is not producing the 
level of mathematical literacy that our society needs. According to 
data collected by the National Assessmeiit of Educational Progress 
during the 1985-86 school year, only about 51% of 17-year-olds can 
adequately handle decimals, fractions, percents, and elementary 
algebra. Only about 6% know enough about algebra and geometry for 
advanced study in mathematics (Lindquist, 1989, pp. 1 18-19). On the 
other hand, the average Japanese high school .student (5()th percentile) 
knows more mathematics than the average gifted and talented Ameri- 
can high school student {Tlie Underachieving Curriculum, 1987, p. vii). 
On South Carolina's Basic Skills A.s.se.ssment Progn'm Mathematics 
Exit Exam admini.stered to tenth-graders in the spung of 1991 : 

only 53.2% could delenxiine the area of a triangle, using 

customary (English) units; 
only 41.(-)% could multiply units of length with conversion; 

and 

only 45.47r could solve a problem involving multiple 
operations, lime, and extraneous information. 
(State l evel Basic Skills Assessiueiil I'rojjrani Reports Spring r)'»l. 
Volume III) 

Although statistics such as llie.se are di.seouraging, the records of 
mathematics achievement in inany other countries indicate that most 
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of our students should be able to learn much more mathematics than 
our society commonly expects them to learn. 

Our mathematics curriculum is dated. It fails to integrate math- 
ematics with other disciplines and does not adequately reflect recent 
advances in mathematics and the impact of computers and calculators 
on mathematics. Our method of instruction does not incorporate our 
new understandings of how students learn mathematics, and our 
methods of assessment are too narrow and do not measure accurately 
the breadth and depth of the teaching and learning of mathematics. 
Describing our present state of mathematics education, John Dossey 
says: 

Vv c h;uc (irittcd inh^ a ciiniv:ii]uni by dclauli. a ciirTiculum nl' iiiiiu 
mum cxpc'cialidiis tlial resists itK" i haniH-s iRvdi'it lo keep pace with 
\\k dciiiaiids ol prcpariiu: siudcnis lor (.oiitciiiporary liic. {I'vcryluxh 
CnuvAs. I'-JS'), p. 74) 

Research findings document that our system of mathematics 
education has serious problems. Our students can perform basic skills 
fairly well, but they do not do well on thinking and reasoning. Our 
mathematics textbooks fail to give adequate attention to major ideas or 
to pose challenging problems. Many teachers teach only for factual 
knowledge, not for understanding, and avoid involving students in 
thought-provoking work and activities. Our system of mathematics 
education thus provides little intellectually stimulating work and tends 
to produce students who are not capable of intellectual work (Kennedy, 
1991, p. 660). Our teachers arc highly likely to teach the way they 
themselves were taught. 

We are eau^!lit iii a vicidus citcle nl iiiedincre piactite m< deled alter 
iiiediDeic praeliee, ol tnviali/ed kii(nvledf.'e lieiiellip.i: t!i\lali/ed 
knowledge. \ 'iiless we tnid ,i w .ly nui oi ilii^ eiu, le. wv- 's \\\ eonliime 
le erealiiii.' ^>eiiei ations ol ti.Mi tiers u tu i le eieate mIk ms i i! 
siiideiits wild aie iii>l jnepaied liu the ieeliiiiil"i:K al -.luaelv \m.- a;e 
hei'omiiij.' (Kennedv, l''''l.p fifi','') 

There is, unquestionably, an urgent need to restructure our system 
of mathematics education. In short, we must completely redesign 
school mathematics - what mathematics is taught, how it is taught, 
and how it is as.scs.scd. 

Conditions are currently ripe for restructuring the system of math- 
ematics education in South Carolina. Many teachers are aware of this 
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need and are preparing themselves for change by participating in 
workshops, by taking university courses, by attending professional 
mathematics education meetings at local, state, and national levels, and 
by taking advantage of staff development opportunities in their schools 
and districts. The reform of mathematics education in South Carolina 
already has a strong base to build upon. 

The Vision for Mathematics Education 

Every student in South Carolina must learn the mathematics neces- 
sary to experience a successful life. South Carolina schools advocate 
mathematical literacy as a lifelong necessity for an informed citizenry. 
Mathematical literacy enables an individual to use exploration, conjec- 
ture, logical reasoning, and a variety of mathematical techniques to 
solve problems effectively. South Carolina students must also learn to 
value mathematics and become confident in their use of mathematics. 
The combination of all of these components define "mathematical 
power." 

Students must leave school with a solid foundation in mathematics 
that will enable them to use reasoning in order to improve the deci- 
sions that affect their lives and to become more productive members of 
society. To this end, schools must focus on mathematics as a means of 
communication and as a tool for the discovery and exploration of 
ideas. Mathematics instruction must emphasize problem solving and 
the interrelatedness of mathematical ideas rather than a series of 
isolated skills to be mastered independently. Therefore, a wide variety 
of mathematical materials, resources, and experiences, including the 
use of technology, must be available to enable students to develop their 
full potential and to become mathematically powerful. 

Mathematics equity for all students, regardless of their race, gen- 
der, ethnic background, or previous success in mathematics, requires 
excellence for all and high expectations for all. Accordingly, all stu- 
dents in South Carolina must experience a common core of relevant 
mathematics. They must learn mathematics through an active, con- 
structive approach that emphasizes understanding mathematics. They 
must be assessed in a manner that is consistent with what mathematics 
is being taught and how that mathematics is being taught To ensure 
that all students have ample opportunity to learn this common core of 
mathematics, they must study mathematics every year they are in 
.school. 

This vision of high quality mathematics education lor every student 
in South Carolina must be embraced by the 'Entire community. Stu- 
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dents, teachers, administrators, parents, other citizens, public policy 
makers, and the business community must unite as partners in order to 
make this vision become a reality. 

M<jthematical Power 

The ultimate goal of mathematics education in South Carolina 
schools is the development of broad-based mathematical power for 
all students. Mathematical power is the ability to use mathematics 
effectively to solve real-world problems. An important factor in the 
acquisition of mathematical power is the development of personal 
self-confidence in, and appreciation for, mathematics. Mathematically 
powerful students can think, they can communicate, they can draw on 
mathematical ideas, and they can use mathematical tools and tech- 
niques. When students develop mathematical power during their 
school years, they will have the mathematical knowledge and skills to 
pursue the profession or vocation of their choice and to undertake 
further study of subjects that require proficiency in mathematics. 
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Learning Mathematics 

In recent years, cognitive scientists and psychologists have been 
studying how children learn mathematics. Their research supports the 
work of Piaget and others from earlier decades: 

K;H!v,-t [)assi'.t" absnitu'is oi kiuiwlalgi', chiklrcii aciivcly 

iti'.'ii cv. ii l.!tl^^."I^l.lnl1ini; o! tin; wi'rUl !n tact, hy tlic lime 
I'l'iin' 111 si-h<t(i|. iliov have already clc\'i.'Io[V(! a rich body (it 
kiiiui. ii'i!;.'-.; ahuul the \uiild aiound ihein iiicludiiui well -dcwloivd, 
!i)!i>!!iia! ^.■vs!cm> of iiial!\Mi!aiiCN (Mdllionum \ Fraiiwwork ji'i 
(\ili!i>r/na l'ith!ic Sclion!:-. Auinisl p. IH). 

Learning, then, occurs as children actively assimilate new infor- 
mation and experiences and construct their own meanings (NCTM 
Professional Standards for Teaching Mathematics, 1991, p. 2). Accord- 
ingly, a fundamental, unifying principle for how students should learn 
mathematics is that they be actively involved in learning mathematics. 
As learners, students need to construct mathematical knowledge for 
themselves and to make sense of their own experiences. They should 
re-invent knowledge for themselves and actively interpret mathemati- 
cal aspects of the worid around them. To quote Piaget, "To understand 
is to invent" (Reshaping School Mathematics, 1990, p. 29). 

All students should be actively involved in the learning process. 
They should learn mathematics under conditions like the following: 

* Students should learn mathematics with understanding. 

Mathematics should be a discipline that helps them to make sense of 
things, not a discipline that is arbitrary and devoid of meaning. 

* Students should learn mathematics in familiar, realistic con- 
texts having connections to other mathematics or to other disci- 
plines. The problems, examples, and activities that they study should 
exploit the connections between mathematics and the worid outside 
the classroom. Students are especially responsive to situations that 
connect their personal lives to classroom activities in mathematics. 

' Students should learn mathematics in a sequence of activities 
proceeding from concrete (actual objects) to semi-concrete (pic- 
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lures) to abstract (symbols). To develop understanding at the concrete 
level, students at all levels need to use appropriate manipulative 
materials. Elementary school students, for example, can use base ten 
blocks to develop an understanding of face value and place value in 
numeration, while secondary school students can use algebra tiles to 
learn to multiply two binomials or to factor a trinomial. 

* Students should use appropriate calculators or computers in 
learning new mathematics as well as in doing -^nathematics. Calcu- 
lators or computers help students learn new concepts in mathematics 
by helping them look for patterns, explore and conjecture, or represent 
situations graphically. They help students do mathematics when they 
are used to calculate, to graph, or to simulate processes that are too 
tedious or time-consuming to do by other means. Calculators or com- 
puters can allow students to get past barriers like inadequate computa- 
tional facility and thus permit all students to have access to good, 
challenging mathematical problems. 

* Students should talk and write about the mathematics they 
are learning as a means of strengthening their understanding of 
mathematics. They must learn to communicate mathematically. 
"As they communicate their ideas, they learn to clarify, refine, and 
consolidate their thinking" (NCTM Currk ulum and EvaliuUion Standards 
for School Mathematics, 1989. p. 6). 

* Students should work in groups of various sizes, including 
small groups, where they pool their knowledge and understanding of 
mathematics and capitalize on the strengths of others. Cooperative 
learning groups generate interest in mathematics, foster individual 
act uniability, promote higher achievement, develop social skills, and 
involve all students actively in learning. 

* Students should take responsibility for their own learning 
and understanding of mathematics. They must learn to question, to 
probe, to create, and to decide what lo do. As they take responsibility 
for their own learning and undorstanding, Ihcy begin to develop math- 
ematical power. 

* Students can learn mathematics more effectively if practice is 
distributed over an extended period of time. They need to return to 
the .same concept periodically in ihe .same or different contexts in order 
to deepen and broaden their under.standing of it. 
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* Students can study topics in mathematics out of their tradi- 
tional sequence, a view supported by current research from cognitive 
science. Mastery of mathematics presents a complex picture. "Con- 
trary to much present practice, it is generally most effective to engage 
students in meaningful, complex activities focusing on conceptual 
issues rather than to establish all building blocks at one level before 
going on to the next level" (Reshaping School Mathematics, 1990, p. 30), 

How should students learn mathematics? The following verbs 
clearly indicate the spirit in which students should learn mathematics: 
explore, justify, clarify, create, represent, convince, construct, discuss, 
validate, investigate, describe, predict, simulate, verify, interpret, 
estimate, explain, model, classify, organize, gcncr. ize, retlect, ana- 
lyze, apply, evaluate, prove, translate. 

Teaching Mathematst s 

If students arc expected to learn mathematics by constructing, 
understanding, and interpreting through active involvement, then 
teachers should teach mathematics with this active, constructive view 
of learning in mind. 

Ill Il.'a!!!\', 11" ''III' I .I'l !( /: lii.illi.'Hi !. ; . ' i- 

\k\\U (.-lin SjlllCli «'<• Mli't'-Ml'-. I.' ilKiliiv M!.'!!. • "•• • ■ 

Vii'll Dili) wlli/ll tliv'N ! r tiioi: .'V.^i 111 i ;l 1' ' ; . 

I'o uiu!('r>!aiui uli.u \\w\ Kmiw l';. . ipm 

liial p<.;Mi!Oati.' ilic niiilli ■iM.iiii ^ ; iiii , 'i'i : ' ' 

'uanstorm.' 'snUi;.' i '\ . • ' 'i : ' ' 

liiosi ic.i(iil> wiKMi vM.U 111 < ' 11 1, ill " :■■ 
iiiaki' pn'scMiali''!!- .ini' • ' ^ ^ / 

in J.' (/-.WA /-•!./. ( 1"^ ' pi 

No single method of instruction, no single kind of learning; activity, 
can develop all of the different aspects of mathematical power that 
teachers want students to acquire. What is needed is a variety of in- 
structional activities, including opportunities lor 

• appropriate project work; 

• group and indiv: lual a.ssignmcnts; 

• discussion between teacher and students and among students; 

• practice on mathematical methods; and 
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• exposition by the teacher (NCTM Cumculim and Evaluau i 
Standiirds for School Mathematics, 1989, p. 10). 

The following lesson and unit, each developed by a South 
Carolina teacher, illustrate how mathematics could be taught today. 

Lesson: 
Is Seeing Really Believing? 

The teacher begins the class by posing the question, 
"Is seeing really believing?" The teacher then introduces 
the lesson with examples and questions so that the stu- 
dents gain the inlormation necessary for comparing and 
ordering fractions. "I have a snack that is 9/16 of an ounce. 
Do you think it has more in it than the snack with 1/2 of 
an ounce because of its bigger numbers?" Students are 
working cooperatively in groups of four. Four different 
snaek products are passed out to each group. By using 
their rulers, the students discover which product 
package is the largrsi or smallest in size. The recorder 
writes down their h idings. Then conjectures are made 
about the amount of each product's contents. 

After reading the labels and finding their fra ctional 
weights, the students make comparisons. They convert 
the fractional weights into decimals with the use of their 
calculators. The groups are using fraction bars and pattern 
blocks as they observe relationships and make discoveries. 
During this time 'he teacher is a facilitator and is going 
around observing each group and posing thought- f>rovok- 
ing questioivv Using labels with the different fractional 
weights on them, the students form a number line while 
they justify their findings. 

Tlie students use the niiiriiional information on the 
back of the packages to forituilate real-life situational 
probk ms to he discussed and answered. "If I were con- 
cerned about my weight, what el.se besides the calorie 
value might I look for? What is the relationship between 
the calories and liie fat conlent''" 

(continued) 
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(continued) 

The students are continuously using their reasoning 
skills to estimate the amount in the hags. They take a 
poll of the class of their fa' crite snack product and graph 
their findings. 

At the end of the final day ihey rctlect on all i \oy 
have done and write about their experience in their 
math logs. 

Diane G. Boyd 

Kingstree Elementary School. Grade 5 
Kingstree, South Carolina 



Unit: 

Building a Scale t^odel 
of Moultrie Middle School 

I. Purjwse of the Unit: This unit is designed to be ihe 
culmination of a year's study of mathematics. While its 
primary emphasis is geometry, i; is constructed to integrate 
computation, spatial .sense, art. business, and the 
language arts. 

II. Objectives of the Unit: 

A. To sketch all elevations of the schi)ol huikiing. 

B. To estimate and measure the dimen.sions of all sides ol 

the .school building. 

C. To detiirmine the most cost effective materials and 

method for construction of the model. 

D. To foster inter- and inira-^roup cooperation in cn'.iting 

a single model. 
\l. To formulate a persuasive pre.sentalion to explain llie 
constniction of the mmiel. 
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(continued) 

F. To encourage communication in and about mathematics. 

G. To promote an appreciation of the utility and beauty 

ot" mathematics. 

H. To construct a scale model of the .school. 



III. Activities: 



A. The Planning Pha.se (5-7 cla.ss periods) 

/. Discussion: In this initial pha.se students di.scu.ss in 
their groups and/or as a class the following questions: 

• What cooperative .skills are necessary for the group 

t ) work together? 

• What steps are necessary to create a scale model? 

• Why are scale models useful? What are some proper- 

ties of .scale models? 

• What materials could be u.sed to construct this model? 

• Should customary (Engii.sh) or metric units be u.sed to 

measure the building? What are the benefits of each? 
What are the drawbacks? Which unit? What 
.scale should be u.sed? 

2. Slietchin}; and estimutin^: Each student sketches the 
side of the building a.ssigned to his or her group and 
estimates the dimensions of the sides and openings in the 
unit of measure decided on by the cla.ss. The group then 
chooses a representative .sketch of its work to submit. 

3. Determining the heif^ht of the school: Students use 
similar triangles to detennine the height of their a.ssigned 
side of the .school. 

4. Drawin}^ the school to scale: Hach group draws its 
assigned side ol' Ihc school lo the .scale determined by 
the cla.ss. 



(continued) 
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(continued) 

B. Cost Analysis Phase (2-3 class periods) 

7. Calculation of the surface area of the exterior of the 
building: Each group determines the number of square 
units of material needed to construct its side of the model. 
Collecting data from the other groups, they determine the 
total surface area of the building. The cla.ss then verifies 
these figures through comparison and discussion of each 
group's work. 

2. Determination of the most cost effective materials to 
use to build the model: Students determine the most econ- 
omical materials and supplies needed to complete their 
mode! of the school. The choice of materials is not only 
based on the cost but also on the conformity of materials 
to specifications agreed upon by the class. 

C. Construction Phase 0-A class periods) 

/. Building the model: Each group constructs its assigned 
elevation of the school building. Then a team made up of 
one member from each group assembles the.se components 
into the model of the building. 

2. Creating the scenery: While the construction team 
assembles the model, another team made up of one member 
of each group creates a mounting board and scenery for 
the model. 

3. Planning the presentation: A third team made up of the 
final member of each group plans, writes, and prepares the 
necessary materials for the presentation ot ''ic model to the 
panel of Judges. 

4. The presentation: After a rehear.sal in from of t!ic class 
to gain suggestions and input, the members ol the "sales 
team" make their presentation {o the judges 
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(continued) 

IV. Classroom Organization: Cooperative learning groups 
arc used for the major portion of this unit. Whole class 
and small group lecture and discussion arc utilized to teach 
the mathematics skills necessary to complete each task, to 
process information, and to teach group process skills. 

A. Cooperative learning groups are teacher selected to 
insure heterogeneous grouping. Students are rank-ordered 
based on prior performance in class, and the list is then 
divided into thirds. One high, one middle, and one low 
achieving student comprise each group. Group members 
are randomly assigned jobs appropriate to the task being 
undertaken (ex. Quality Control Officer, Draftsman, 
Surveyor, etc.). Jobs are well-defined to ensure equal 
participation amo:.f; group members. 

B. Whole class interaction is used to brainstorm ideas, to 
teach the skills necessary for the daily lesson, and to reach 
consensus on mate ials and procedures for developing the 
model. 

C. Small groups are used to work on the various compo- 
nents of the final presentation. 

V. Assessment Procedures: Students are assessed in this 
unit using a variety of techniques. 

A. Learning U>g: Each day a student enters at least a para- 
graph into his or her learning log to answer the question 
posed in the lesson or to summari/,e the learning lor the 
day. Eiach entry in the log is scored using this rubric 

exceptional perforniance 
2 acceptable entry 
1 inadequate entry lacking substance 
0 -- no entry 
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(continued) 

B. Project Book: The sketches, calculations, and notes 
in this notebook are scored using the same rubric. 

C. Group Performance: Students are assessed on a class 
observation sheet. Both individual and group performance 
is noted. 

D. Product Assessment: Two mathematics classes are 
given the task of acting as competing companies to 
create a model of the school building. Upon completion 
of the model, a select group of students from each class 
presents its model and the mathematics behind it to a panel 
of three judges. Judges base their selection on accuracy 
and appearance of the model and on the accuracy and 
eloquence of the presentation. 

Christine W. Pateracki 
Moultrie Middle School. Grade 8 
Mt. Pleasant, South Carolina 



As the above lesson and unit illustrate, good mathematics 
teaching requires a variety of teaching practices. 

Use a variety of activities that address diiTerent learning styles: 

auditory, visual, kinesthetic, convergent, divergent. 

Structure learning activities to proceed from concrete (actual 
objects) to semi-concrete (pictures) U abstract (symbols). Take 
special care to bridge the transitions from one level to another so that 
students understand the connections. For example, students may use 
base ten blocks to learn numeration. At the concrete level they repre- 
s«.rnt twenty-five by using two longs and five units. At the semi-con- 
crete level they represent twenty-five by drawing pictures of two longs 
and five units. To bridge the transition to the abstract level and the 
numeral 25, students can draw pictures of the blocks as well as write 
the mathematical symbols to make the connection between the levels. 
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00003 2 tens and 5 ones = 25. 
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Make efTecdve use of appropriate manipulative materials at all 
grade levels with all students. Manipulative materials are essential 
for learning activities at the concrete level. Research on using manipu- 
lative materials shows that lessons using manipulative materials have a 
higher probohility of producing greater mathematics achievement than 
do lessons in which such materials are not used. Concrete experiences 
with manipulative materials provide the means to abstract more com- 
plex ideas. The use of effective manipulative materials make lessons in 
mathematics come alive. 

Use current technology in teaching mathematics. Calculators 
and computers are important aids to teaching and learning. Technol- 
ogy, useu appropriately, can open the doors for all students to the 
learning of niatkematics. 

lilementary .school students can use four-function calculators to 
develop ihi ir understanding of the multiplication algorithm for whole 
numbers with problems like the following: 



Place the dibits 4, 6, 7, 9 in the flaxes to nuike the smallest 
possible product and to malce the largest possible product. 
Use a calculator to help do this. 

Middle school students can use computers and geometry-oriented 
software to study the properties of geometric shapes such as regular 
polygons, equilateral triangles, .squares, regular pentagons, and regular 
hexagons. 

Si;condary school students can use graphing calculators to study 
the effects of the constants a, b, and c on the behavior of the function 
f(x) = ax' -»- bx -»- c. 
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Students should use calculators and computers throughout their 
school work. More important, they must learn when to and when 
not to use them. 

(."(inliary l(> itK- Icais of inany. \\\c availabilily ol calculators 
and ci anpijti'is has cxpaiulcd sludciUs' capability of ivrloriniiiL! 
calciilaliiuis. 'rhcio is no ovidoncc to suggest that the availahilily 
ol calculators makes students deponderi! on them lor sim|>le 
calculations. Sludcais sliould be able to decide when they need 
to calculate and whether they require an exact or appioximate 
answer. '[Iiev should be able to select and use the most appiopii- 
ale too!. Sludenis sliould have a balanced a[iproaeh to ealcula 
tion. be able to choose appropriate pioeeduies, find answers, and 
iudi;e the validity ol those answers (NC'TM Citrru nium and 
fAdliuUtcn Suind(ir<ls Jiir St lioo! Mmlicnuiiii. \. IWS*-.'. p X) 

Teach mathematics for understanding. Develop mathemati- 
cal reasoning and higher order thinking skills. Create a classroom 
climate where mathematics makes sense to students and where 
mathematical truth is logical. Learning to understand and to make 
clear, logical mathematical arguments is a goal of good mathemat- 
ics instruction at all grade levels. 

Makin).' conn'clutes. galheiiiu! evideiu e. and huildiiu". an aruu 
ment to suppm sucti notions aie lundamenlal to doing malh 
emalics. In lael, a liemonsiration ol good reasoning should be 
rewarded even more than students' ahdity to lind correct answers 
(NT TM Ciinu iilitrn (irul l-'vnlna (>n ^tdmliird.^ ior Scluud 
Mdlhcnuitu s. \ p f)). 

Develop concepts in context. Use situations that are familiar 
to students or that interest them. Use real-life applications in 
problem-solving to develop new ideas in mathematics. 

For example, the concept of division of whole numbers tan be 
introduced by posing a problem like the following 



The twenty-eight children in Mr. O 'Keefe 's class are going 
to the Riverhanks Zoo. If four children can ride in a car, how 
many cars are needed to take the class to the zoo ? 



The difference between area and perimeter of geometric figua's 
can be explored by posing a problem like the following: 
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Arrange sixteen card tables into different kinds of rectangular 
banquet tables. If one person sits at a side of a card table, what 
is the largest number of people that can be seated at a banquet 
table? The smallest number? 



Make connections with the mathematics being taught to other 
mathematics or to other disciplines. Students must come to view 
mathematics as an integrated whole rather than a set of isolated, 
unrelated topics and to recognize the usefulness and relevance of 
mathematics both in school and out of school. 



]].[:,'." 



Develop communication skills in mathematics - both oral and 
written. Students should learn to use the language of mathematics, 
both its symbols and its special vocabulary. They must have opportu- 
nities to read, to write, and to talk about llie mathematics they are 
learning. When students talk and write frequently about mathematics, 
they are required to reflect on what they know and to organize and 
clarify their own thoughts. They learn to communicate effectively their 
ideas, understandings, and results with others. 

The following activity is a good example of a problem that incor- 
porates writing, problem- solving, technology, and number sense: 



Use a calculator to find three different numbers whose product 
is 7429. How rmmy different answers can you find? Write a 
paragraph e xplaining what you did, why you did it, and how 
well it worked (Reprinted with permission from Reshaping School 
Mathematics, 1990, p. 19). 



Use cooperative learning groups. Students need lo loam to work 
collaboratively as well as independently. Collaboration is an essential 
pan of social life; it is indispensable in the workplace; and most real 
mathematical work generally involves collaboration. When students 
confront mathematics in small cooperative learning groups, they 
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compare alternative approaches, test different conjectures, share 
insights, express their own thoughts, state their own arguments, and 
listen carefully ;o others. Cooperative learning experiences in math- 
ematics foster improved attitudes toward mathematics and build 
confidence in the ability to do mathematics. 

Integrate assessment with teaching. Use assessment as a teach- 
ing tool. Methods of assessment must extend beyond traditional 
teacher-constructed tests and standardized tests to determine what 
students know and how they think. Some kinds of assessment, embed- 
ded in instruction, can monitor students' understanding as it evolves 
over time. For example, students can 

Iv (.-ncouiaiwl to keep a iiiallionialtcs journal, llicso jounials can 
■aMitain i'.oais. discoveries, ihouj-'lits, and observalion.s, as well a.s 
liescuiiiions ol activities. Journals not only allow sludenis to cli;ul 
their pioiMcs-. in under standiiii.' hut also act as a locus loi discussion 
lietweeii stuileni and teacher, thereby fostering eoniiiiunicalion aUuii 
DKilheinatics itsel iNC TM Citrri( uIudi und livdliuiinin Sttindtints 
!<•' .Si hihil Miiilu'fuiin s, l')S'i. p. !')7i, 

Reading students' mathematics journals enables the teacher to 
a.ssess informally the progress that students are making in learning 
mathematics. 

To summarize, good mathematics teaching at any grade level 

• uses a variety of activiiies over time that addres.s diflerent 

learning styles; 

• structures learning activities to proceed from concrete to 

semi-concrete to abstract; 

• makes effective use of appropriate manipulative materials at 

all grade levels; 

• uses current technology; 

• teaches mathematics for understanding; 

• develops concepts in context; 

• makes connections with the mathematics being laught to other 

mathematics or to other di.sciplines; 

• develops communication skills in malhemalics both oral 

and written; 
' u.ses groups of various sizes; and 

• integrates as.scs.smcni with teaching. 
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An effective teacher in today's mathematics classroom plays many 
roles. No longer is the teacher simply a dispenser of knowledge. 

The most useful metaphor for describing the modem teacher is 
that of an intellectual coach. At various times this will require that the 
teacher be 

' A role model who demonstra es not just multiple paths to a solution 
but also the false starts and higher -order thinking skills Uiat lead 
to the solutions of problems. 

■ A consultant who helps individuals, small groups, or the whole class 
to decide if their work is keeping 'on track' and making reason- 
able progress. 

• A moderator who poses questions to consider but leaves much of 

the decision making to the class. 

• An interlocutor who supports students during class presentations, 

encouraging them to reflect on their activities and to explore 
mathematics on their own. 

• A questioner who challenges students to make sure that what they 

are doing is reasonable and purposeful and who ensures that 
students can defend their conclusions {Coimting on You, 1991, 
pp. 13-14.). 

Creating an Effective 
Learning Environment 

In order to create a learning environment that will effectively 
support teaching and learning as envisioned by this Framework, 
careful attention must be given to the physical, supportive, and en- 
abling environments of the mathematics classroom. 

Physical Environment 

The classroom should be supplied with a wide variety of teaching 
materials. In teaching mathematics, no single textbook can suffice for 
all instructional needs. Teachers need collections of supplementary 
materials to sci-ve as resources. Such materials also help teachers meet 
the needs of all students, from those who need remediation to those 
who need enrichment. The cla.ssroom should be euuippcd with appro- 
priate sets of manipulative materials and tools. All students should 
have calculators appropriate to their grade level, and each classroom 
should have at least one computer and .software available at all limes 
for both teacher demonsu-ations and .student use. The school should 
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have additional computers available for individual, small-group, and 
whole-class use as well as audio-visual equipment and materials - 
available from a well-stocked library media center. 

The classroom itself should be bright, cheerful, well-lighted, and 
attractive. It should be furnished with either tables and chairs or flat- 
top desks to accommodate groups of different sizes, manipulatives, 
calculators, and printed materials. The room should be designed for the 
flexible use of furniture so that it can be arranged for different kinds of 
instruction, including cooperative learning groups, laboratory activi- 
ties, learning centers, and project work. Ample space or room for 
movement is essential. The classroom needs to have convenient 
storage space for manipulative materials and supplies, for supplemen- 
tary printed materials, and for calculators and computers. 

Time is another critical factor in creating an effective learning 
environment. Teachers need more time to enable them to plan and 
develop the stimulating lessons that this framework envisions. Such 
lessons do not come ready-made in today's textbooks. Students need 
to have adequate time, free from interruptions, to learn from these 
lessons. Some lessons, for example, may be long-range activities or 
projects that may take several days or weeks to complete. Changing 
the present time structure of today's school may be necessary in order 
to provide the time needed for teachers to teach and students to learn. 

To teach the mathematics of this framework, optimal student/ 
teacher ratios, effective faculty configurations, and appropriate instruc- 
t onal time frames must be created. High student/teacher ratios make 
tiie use of active, constructive learning - so critical to the teaching of 
mathematics - impossible. Large classes supervised by one teacher 
cannot support the vision of mathematics education promoted by this 
framework. Furthermore, learning activities in which students con- 
struct mathematical ideas often require a time frame of more than 
40 to 50 minutes. Consequently, it is imperative that scheduling be 
guided by the needs of students and what they arc to learn rather than 
by arbitrary, inflexible time frames. Finally, schools must be cautious 
not to be locked into the traditional faculty configuration of one 
teacher responsible for one cla.ss of students. Alternative coni'igura- 
tons are possible. For example, an experienced teacher working as the 
leader of other teachers with interns and/or paraprofessional educators 
can effectively teach large groups of students. This configuration 
further encourages a career-ladder approach for the teaching profes- 
sion that rewards dedicated, accomplished teachers. 
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Supportive Environment 

Creating a supportive environment is critical for the teaching and 
learning of mathematics. A supportive mathematics classroom 
atmosphere has characteristics like the following: 

• Students feel free to take risks and feel free to make mistakes 

and to learn from their mistakes. 

• The teacher believes that all students can learn mathematics. 

The teacher builds confidence in all students that they can 
learn mathematics. 

• The teacher creates opportunities for all students to experience 

success. 

• Students develop a p isitive disposition to do mathematics. 

They approach mathematics with persistence, confidence, 
self-reliance, flexibility, curiosity, inventiveness, and 
enthusiasm. 

Enabling Environment 

An enabling environment is one in which teachers stimulate the 
learning of mathematics by exhibiting characteristics of good teaching. 
They 

» encourage all students to explore, conjecture, and invent for 
themselves; 

• have students verbali/e and write about their mathematical 

ideas and understandings; 

• ask mathematical questions having more than one right answer 

and pose problems having more than one method of solution; 

• encourage students to take risks in their mathematical reasoning 

and problem solving; 

• set high expectations for all students; 

• encourage students to validate and support their ideas with 

sound mathematical arguments; 

• allow students to work together to make sense of mathematics; 

• help students rely on themselves to determine whether something 

is mathematically correct; and 

• expect students to accept responsibility for their own learning. 
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All South Carolina students will acquire mathematical power 
through the study of a core curriculum of significant mathematics 
during grades K-12. The mathematics of this core curriculum must be 
sufficiently broad and deep so that all students will have the back- 
ground needed for employment in the workplace or for further study 
in mathematics and related subjects. Any differentiation within the 
curriculum in terms of depth and breadth of treatment should be based 
on the needs, abilities, and backgrounds of students. All students must 
have the opportunity to study the fundamental, unifying ideas of 
mathematics as a discipline. These ideas are organized in the core 
curriculum into the following six conteni strands: 

• number and numeration systems, 

• numerical and algebraic concepts and operations, 

• patterns, relationships, and functions, 

• geometry and spatial sense, 

• measurement, and 

• probability and statistics. 

These strands broaden the scope of what has been the traditiona' 
school mathematics curriculum. In this broadened curriculum it is 
unacceptable for el mcniary and middle school mathematics to focu^ 
primarily on arithmetic or for high school mathematics to concentrate 
exclusively on algebra and geometry. Appropiiate mathematics from 
each of the six strands must appear at each grade level. The strands 
themselves are not disjointed collections of ideas, since many math- 
ematical concepts and principles belong to several different strands. 
The strands thus interweave mathematical ideas throughout the cur- 
riculum. Solving a real mashematical problem, for example, rarely 
involves ideas from just one strand; rather, ideas from several s rands 
must be integrated in order to create an appropriate solution to the 
problem. 

The mathematical topics included in each content strand are stated 
a.s standards. "A standard is a statement that can be used to judge the 
quality of a mathematics curriculum or methods of evaluation. Thus, 
standards are statements about what is valued" (NCTM Curriculum and 
Evaluation Standards for School Mathematics, 19S9, p. 2). Stating math- 
ematical topics as standards in this framework has been done to ensure 
quality, to indicate goals, and to promote change 
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All students must encounter mathematics through the following 



four process strands: 

• problem solving, 

• communication, 

• reasoning, and 

• connections. 




These process strands unify the mathematics curriculum, serving 
as vehicles for study of the content strands. Appropriate activities, 
tasks, and projects in mathematics should require students to use 
combinations of the process strands in their work. Students should be 

• solvmg problems in realistic and meaningful contexts, 

• communicating with each other about what they are doing, 

• using reasoning to explain and justify their work, and 

« making connections in their study to other aspects of math- 
ematics and to other disciplines. 

Thus, students should use problem solving, communication, reasoning, 
and connection.^ to do mathematics as they study geometry, algebra, 
statistics, probability, numbt r systems, numeration, and patterns and 
functions. 

It is important to remember that this Mathematics Framework is 
not the actual curriculum taught in each classroom. Rather, it consists 
of broad content and process strands in grade-level divisions that serve 
as guidelines for each school district as it develops its own specific, 
detailed mathematics curriculum. No matter liow a school district 
chooses to develop its own curriculum and to organize its students into 
classes, it is crucial that all students experience the full range of topics 
included in the strands of this core curriculum. The phrase "all stu- 
dents" includes 

• .students who have been denied access in any way to educational 

opportunities as well as those who have not; 

• .students ... of all ethnic origins; 

' students who are female as well as tho.se who are male; and 

• .students who have not been .successful in .school and in math- 

ematics as well as tho.se who have been .successful 
(NCTM Professional Standards for Teaching Mathematics. 1992. p. 4), 
It is al.so es.sential that the instructional practices and materials dis- 
cussed in Chapters 2 and 4 be an integral part of the mathematical 
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experiences of all students. 

The core curriculum is designed to provide a common body of 
significant mathematics accessible to all students. It can be modified in 
a variety of ways to meet the needs, interests, and backgrounds of 
individual students or groups of students to permit them to progress as 
far into mathematics as their achievement allows. Students, for ex- 
ample, who are gifted in mathematics, can master the topics of the core 
curriculum at a greater depth and at a faster pace. Such students would 
then be eligible to take advanced placement courses or college-level 
r.ourscs in mathematics when they are in high school. All students, 
however, regardless of whether they are gifted in mathematics or not, 
should study the topics of the core curriculum. This broadened curricu- 
lum is intended to set high expectations for all s' idents. Di.stricts are 
cautioned against early labeling of students and rigid tracking systems. 
Benefits can result from alternative patterns of grouping to those u.sed 
traditionally. South Carolina should continue to explore .such patterns 
where feasible. Decisions should be made by local school di.stricts and 
communities, and if changes are to be made, they .should take place 
only after considerable discussion has been given to proper planning, 
professional development, parent involvement, appropriate instmc- 
tional materials, and curriculum objectives. 

This framework endorses the NCTM Curriculum and Evaluation 
Standards for School Mathematics and the NCTM Professional Stan- 
dards for Teaching Mathematics. Both of the.se documents have been a 
source of ideas and inspiration in the development of the mathematics 
curriculum f' ^r this framework. 

In the .set lions that follow the mathematics curriculum is described 
in terms of the grade-level divisions K-3, 3-6, 6-9, and 9-12. The 
mathematics standards for each of the six content strands are listed 
and discus.sed. Sample problems and activities are included to illustrati 
each strand at c.^ch urade-level division. These are representative but 
not inclusive of the kinds of pro'olems and activities appropriate for 
implementing this framework, since they u.se the four process strands 
as well as the instmctional practices and materials advcK'ated in Cfuip- 
ters 2 and 4. 

The complete .set ol K-12 mathematics curriculum standards by 
eontent strands is found in Appendix A. Under each content strand arc 
listed all of the curriculum standards for that strand as they appear 
in the j'rade-level divisions K-3, 3-6. 6-9, and 9-12. in order tc sliow 
liDW the mathematical topics of that strand are developed lioin 
grades K through 1 2. 
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Mathematics Curriculum for Grades K-3 

Young children enter school with a natural curiosity and enthusi- 
asm for exploring patterns, relationships, and quantities. Through 
everyday experiences they have developed their own unique, creative 
problem-solving strategies. The strands and sample activities for 
grades K-3 support young children as they continue to explore math- 
ematical concepts through relevant, interesting investigations using 
concrete materials. Furthermore, the strands support students as they 
construct, or invent, mathematics for themselves. This active approach 
to learning helps students develop an intuitive understanding of math- 
ematics that makes sense to them. 

Strand: Number and Numeration Systems - Grades K-3 

In grades K-3, number sense serves as a foundation for the devel- 
opment of basic number concepts, including ordering and comparing 
numbers. Students should explore quantities and the relationships 
among quantities so that their understanding of place value will de- 
velop naturally from the idea of grouping. In all situations number 
symbols should be linked to real-world concrete materials. The focus 
of instruction should be based on a constructive approach to learning. 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• establish a strong sense of number by exploring concepts such 

as counting, grouping, place value (other bases as well as base 
ten), and estimating; 
•develop concepts of fractions, mixed numbers, and decimals; 

• use models to relate fractions to decimals and to tlnd equivalent 

fractions; 

•communicate number relationships by exploring the comparing 
and ordering of whole numbers, fractions, mixed numbers, and 
decimals; and 

• relate the use and understanding of numeration systems to their 

world. 
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Activity: 

MATH WITH "M&M'S" •CANDIES 

Overview: In this activity students will estimate the number of 
"M&M's" candies in a bag and complete activities of addition 
and subtraction. They will be asked to use letters to represent 
the colors of candies and perform operations of addition and 
subtraction or state relationships. 

Materials: One bag of plain "M&M's" candies per cooperative 
group of 3 or 4 students and one set of student worksheets per 
group. 

Directions: Assign the students to cooperative groups of 3 or 4 
each, and pass out one candy bag and one set of worksheeUs for 
each group. Before a group opens its bag, the students should 
guess how many candies are in the bag. Then, they open the bag 
and count the candies. Afterwards they sort the candies on a 
worksheet having six circles with colors printed inside - red, 
orange, green, yellow, light brown, and dark brown. 

Before each group completes the addition, subtraction, and 
comparison activities, be certain that the students know what 
the symbols on the worksheets mean; e.g., LB represents light 
brown colored candies. Allow students to manipulate and count 
candies as they solve the activities together. 

1 . Do not open your bag yet. Guess how many of the candies 
are in your bag. 

2. Open your bag, and count the candies. How many candies 
arc in the bag? 

(continued) 
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(continued) 



3. How far off was your guess? 



4. Now put your candies into sets by color. 

green = G red = R 

orange = () yellow = Y 

light brown = LB dark brown = DB 

5. Write the number of candies in each set. 

set G sen R set LB . 

set () set Y set DB 




6. Using > or < or =, show the relationship between ihcse 
sets. 

G R Y DB Y LB 

() G DB LB G Y 

G LB Y R G DB 



7. Do these problems: 

LB + DB = O f G = 

R + ()= RfY = 

R + { 1 = Y + LB = 



O + LB 
G + LB 



S. Put 15 candies in a pile in front of you. Use them to do these 
problems. 

• I low many piles of four can you make'.' 

How many are left over? 

• How many piles of seven can you make'.' 

How many are left over? 

• How many piles of five can you make'.' . 

How many are left over? 

• How many piles of two can you make'.' 

! low many are left over ' 



9. Put two of the candies in your mouth. 
How many are left'.' 

id. Lai lour mure. 



(continued) 
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(continued) 

Discussion: Have the class discuss questions like: 

• Do all of the candy bags used in this activity have the same 
number of candies? How can you explain this? 

• Why do you think that there were more dark brown candies 
in the bag? 

• What combination of two colors produces the greatest 
amount of candies? 

• How does the number of dark brown candies compare with 
the number of all the other candies together? 

(Adapted with permission from AIMS Education Foundation, Primarily 
Bears, Book 1, 1987, pp. 65 70) 



Strand: Numerical and Algebraic Concepts and Operations 
- Grades K-3 

In grades K-3, students explore numerical concepts using 
manipulative materials to develop an understanding of the four basic 
operations, to discover and learn the basic facts, and to construct their 
own algorithms. They use manipulative materials to investigate the 
idea of number sentences and relationships among operations in 
specific situations. By emphasizing what actions are represented by 
simple mathematical operations, how these actions relate to one 
another, and what operations are appropriate in particular situations, 
students understand when to use an operation as opposed to simply 
performing the procedure to do the operation. By providing students 
the opportunity to describe, illustrate, estimate, and write about their 
experiences with concrcie materials, students form the foundation for 
the generalizations that will emerge in algebra. 

Students will participate in problem-solving activities through 
group and individual investigations so that ihey can 

* u.se concrete models to develop an understanding of the concepts 
of addition, subtraction, multiplication, and division with 
whole numbers; 

' investigate, model, and compare ditforent strategies for construct- 
ing basic arithmetic facts with whole numbers; 
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• use models to allow students to construct their own algorithms 

for addition, subtraction, multiplication, and division of whole 
numbers; 

• model, explain, and develop reasonable proficiency in adding, 

rubtracting, and multiplying whoio numbers and evaluating 
the reasonableness of results; 

• compare and contrast different computational strategies for 

solving a specific problem; 

• use mental computation, estimation, and calculators to predict 

results and evaluate reasonableness of results; 

• use concrete models to explore operations on common and 

decimal fractions; and 

• use whole numbers, common and decimal fractions, variables, 

equations, and inequalities to describe problem situations. 



Activity: 

THINGS THAT COME IN GROUPS 

Overview: By gn jping objects in real-world contexts, children 
learn to link the idea of multiplication to the world around them. 

After figuring out how many chopsticks are needed for every- 
one in the class, the children brainstorm other things that come 
in groups of 2. Then they collaborate in small groups to identify 
things that occur in sets of 3s, 4s, 5s, :"^d so on, up to 12s. The 
groups' findings are compiled into cla lists that can be used 
later for solving problems and investigating multiples. 

Materials: A 12-by- 18-inch sheet of newsprint for each group 
of four, Eileven shceLs of 9 -by- 12-inch drawing paper or a large 
sheet of cliart paper for the class lists. 

Directions: Use chopsticks as an example to introduce this ex- 
ploration. First make sure children know that two chopsticks are 
required for eating. Then pose a problem for class discussion: 
How many chopsticks are needed for four people? Hear from 
all volunteers, asking them to explain how they arrived at their 
answers. 
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(continued) 

Pose another problem: How many chopsticks are needed if 
everyone in the class eats together? Ask the class to discuss 
and solve this problem in small groups. Then have individuals 
tell their answers, again asking that they explain their reason- 
ing. Record on the chalkboard the methods they report, model- 
ing how to use mathematical notation to represent their ideas. 

Have the class brainstorm other things that come in 2s. List 
their suggestions. It's common for children to think of ex- 
amples from their bodies - eyes, ears, hands, feet, thumbs, and 
so forth. If the students are limited by a particular category, 
offer a few suggestions to broaden their thinking - wheels on a 
bicycle, wings on a bird, slices of bread in a sandwich. 

Present the problem of making lists for other numbers. 
Have pupils work in small groups and think of objects thai 
come in 3s, 4s, 5s, and so on, up to 12s. Give each group a 
sheet of 12-by- 18-inch n'^wsprint on which to organize their 
lists. 

Post a sheet of 9-by- 12-inch drawing paper for each list, or 
one large sheet of chart paper for recording all the lists. 

Have groups take turns reading an item from their charts. 
As an item is read, children from the other groups guess the list 
on which it belongs. Record each item on the correct list. 
Should uncertainty or a dispute arise about some items, start a 
separate "research" list and resolve these questions at a later 
time. Continue having groups report until all their findings 
have been offered. 

Encourage students to suggest otlier items that could be 
added to the lists. You may choose to give them the homework 
assignment of asking their parents lo help them think of addi- 
tional items. 

(continufd) 
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(continued) 

You may want to have children write about their solutions 
to the chopstick problem. This gives them a chance to reflect 
on their thinking. It also gives you additional information about 
the reasoning of individual students. The writing need not be 
done immediately following the class discussion; waiting a day 
or so is fine. 

Reproduced with permission from About Teaching Math- 
ematics, Grade 3: Multiplication by Marilyn Bums, 1992 Math 
Solutions Publications 



Strand: Patterns, Relationships, and Functions - 
Grades K-3 

Students in grades K-3 initially explore patterns, relationships, 
and functions by observing, anaiy/ing, and describing attributes such 
as color, size, position, rhythm, design, and quantity in their environ- 
ment (e.g., classroom, stories, numerical sequences, music, art, and 
nature). Using this information, students extend or translate existing 
patterns from one medium to another. Furthermore, they create their 
own original patterns using a variety of media, including concrete 
objects, sound, movement, numbers, and pictures. The process of 
analysis and synthesis of patterns provides the opportunity for explor- 
ing mathematical relationships. Furthermore, it affords students the 
chance to form generalizations by shifting their thinking from the 
"actual manipulation of numbers to the general relationship between 
numbers" (A National Statement on Mathematics for Australian Schools, 
mo. p. 190). 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• locogni/e, describe, extend, and create a wide variety of patterns; 

• represent, discuss, and describe mathematical relationships; 

• use calculators to create and explore patterns; 

• make generali/atioiis based on observed patterns and relation- 

ships; 
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• explore the use of variables, equations, and inequalities to ex- 

press relationships; and 

• connect patterns, relationships, and functions with other aspects 

of mathematics and with other disciplines. 



Activity: 

EXPLORING PATTERNS ON A HUNDREDS CHART 

Get ready. The purposes of these activities are to familiarize 
students with a hundreds chart, to identify some of the patterns 
found in this arrangement of numbers, and to practice counting 
patterns. 

For the first activity, you will need a transparency of a hun- 
dreds chart or a large chart that all the children can see. 
For the second part of the lesson, you will need a copy of the 
hundreds chart cut apart into pu/./.le pieces for each group of 
students (pairs or small groups). In the final activity, each 
student needs a copy of a hundreds chart, twenty to thirty 
counters (for example, paper squares, cubes, or bingo chips), 
and crayons. 

Get going. Di' play the hundreds chart on the overhead projec- 
tor (or give each student a copy) and ask the students to tell 
you about it. As they state their observations, record the infor- 
mation on the board. You may wish to have the students color 
some of the patterns they identify to help others see what is 
being described orally. 

What do you notice ainmt tire numiyers in tire last column? 
Wiiere are all tfie numbers witii a 3 in tiie ones place? ■\/i\ere 
are all tiie Os? How many Os are threre? 

Alter the class has talked about the hundreds chart and has 
identified various patterns, divide the students into pairs or 
small groups and give each group a hundreds chart that has 
been cut apart. Challenge the teams to reassemble their charts 
without looking at a completed chart. 

(continued) 
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(continued) 

Keep going. Using the hundreds chart on the overhead projec- 
tor and shapes like those below that you have cut out from 
plain paper, cover different numbers and ask the students to tell 
what is hidden. Notice that you can turn the paper cutouts in 
different ways as you cover parts of the hundreds chart. 



How did you Icnow what was covered up? Is there another way 
to figure out what I have hidden? 

You could also furnish shapes like thost^ below with one 
number given and guide the class in filling in the missing 
numbers. This challenging activity focuses on place value and 
counting concepts such as "10 more," "10 fewer," "1 more," 
and "1 fewer." , , 



Continue using the hundreds chart throughout the year by 
focusing on skip counting patterns. Have the students cover 
their hundreds charts with counters or paper markers as they 
count by 2s, 5s, 10s, ^s, 4s, and so on. Let them record the 
patterns by coloring different hundreds charts and create a 




16 
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(continued) 

display of the counting patterns. Ask the students to go beyond 
what they have colored and can see. 

If we extend the 1 to 100 chart, can you predict how each 
counting pattern will look? When we count by 5s, will we color 
143? 

(Reprinted with permission from Burton and others, Second-Grade 
Book, 1992, p. 4) 



Strand: Geometry and Spatial Sense - Grades K-3 

Students in grades K-3 should explore geometric concepts infor- 
mTlly. Instruction should emphasize the interrelatedness of geometric 
concepts rather than isolated topics or skills. It should promote geom- 
etry as a way of perceiving the environment, not just as a set of shapes 
10 be identified. Students should have many opportunities to construct 
and explore geometry in two and three dimensions, to develop their 
sense of space and relationjihips in space, and to generate and solve 
problems that involve geometry and its applications. "During the early 
years of schooling the emphasis should be on exploration, both free 
and structured, of the children's local environment and the objects 
within it" (A National Statement on Mathematics for Australian Schools, 
1990. p. 81). 
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Students will participate in problem-solving activities through 
group and individual investigations so that they can 

' describe, model, and draw two-dimensional geometric shapes to 

develop spatial sense; 
' describe and model three-dimensional geometric shapes to 

drvelop spatial sense; 
' identify, classify, and compare geometric shapes according to 

attributes; 

investitate and predict the results of transformations of geometric 
shapes, including slides, flips and turns; 

investigate and predict the results of combining and partitioning 
geometric shapes; 

explore informally tessellations, symmetry, congruence, similar- 
ity, scale, perspective, angles, and networks; 

connect geometry to related concepts in measurement and num- 
ber; and 

identify and appreciate geometry in the world around iliem, 
including applications in science, art, and architecture. 



Activity: 

PROBLEM SOLVING WITH GEOBOARDS 

Get ready. The purposes of this activity are to have children 
distinguish similarities and differences among geometric 
figures (visual discrimination) and to promote eye-hand coordi- 
nation. 

Give the children 5x5 geoboards and rubber bands. If you do 
lot have enough geoboards, children can work in pairs. 

Get going. U.sc the following activities to teach the meaning of 
ihe "boundary" of a plane figure. Note that the boundary will 
be used in later grades to determine perimeter. Look for differ- 
ent answers to each problem. Children should bej-rin to realize 

(continued) 
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(continued) 

thai not all problems have just one correct answer and some 
problems may have no answer. 

Have the children make a triangle on a 5 x 5 geoboard. 

How many pegs does the rubber band touch ? Moke three 
triangles so that the rubber band touches three pegs, four pegs, 
and five pegs. Can you make a triangle so that the rubber band 
touches more pegs? 

Js it possible to make a triangle that touches only two pegs? Js 
it possible to make a triangle that has the same number of pegs 
on two sides? On three sides? Have the children discuss why 
laree is the fewest number of pegs the rubber band can touch 
when a triangle is made. 

Make a square with the rubber band touching four pegs and a 
square with the rubber band touching eight pegs. What other 
squares can you make? Count the number of pegs on each side. 
Discuss why each side must have the same number of pegs. 
Establish a pattern with the number of pegs on the boundary of 
a square: 4, 8, 12 

Explore rectangles the same way. Help the children to see that 
the number of pegs may not be the same for all four sides but 
will be the same for opposite sides. 

Once the children have grasped the idea of pegs on the bound- 
ary, illustrate what is meant by "pegs inside." Point out that 
although the pegs touching the rubber band are technically 
"inside," for this problem we will count only those pegs thai 
are not touching the rubber band. 

Ask ihe children lo make a triangle with two pegs inside, then 
with three pegs inside. What is the greatest numhi > of pegs that 
can he inside a triangle on a geoboard? 

(continued) 
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(continued) 



Answers 




2 pegs inside 3 pegs inside 6 pegs inside 



Repeal these problems using other figures, such as foui -sided 
figures, and six-sided figures. Is it possible to get more pegs 
inside a four-sided or a five-sided figure? Note that the an- 
swers will vary according to the figures the children make. 

Keep going. Vary the characteristics of the figures as you 
present more problems - the number of sides, the number of 
pegs inside, and the number of pegs on the boundary. For 
example, 

Make n triangle with one peg inside 
and four pegs touching the rubber hand. 

As you repeat the directions for these problems, the children 
will see that there are three things to remember: the number of 
sides, the number of pegs inside the figures, and the number of 
pegs in the boundary. Initially it may be helpful to di.splay the 
numbers in a chart. 



Number 


Number of 


Number of pegs 


of sides 


pegs inside 


on the boundary 




1 


4 




2 




4 


0 


4 



(continued) 
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Lei the children suggest other problems. Some problems may 
be impossible - for example, a triangle touching Ive pegs with 
two pegs inside. Exploring such possibilities gives children 
experience with problems that have no solution. 

(Reprinted with permission from Del Grande and others, Geometry 
and Spatial Sense, 1 993. pp. 1 2- 1 3) 



Strand: Measurement - Grades K-3 

Students' understanding o measurement should begin with practi- 
cal projects involving non-standard units and move toward tiie explo- 
ration of standard systems of measurement. Initially, students compare 
objects directly without the use of measuring tools. Children learn the 
importance of measuring tools by trying to compare objects that are far 
apart and cannot be moved cl( ;cr together. Students learn that in order 
lo determine how much larger or heavier one object is than another 
they can measure with units rather than compare objecLs Hircctly. They 
gain an understanding of uniLs by using a variety of standard and 
nonstandard measuring tools. Broad experiences with measuring help 
.students decide what units of measure are most appropriate for certain 
situations and what degree of accuracy is needed in various situations. 
Students learn about measurement while they are using measurement 
to leani about the world. 

Students will participate in problem-solving activities through 
groui and individual investigations so that they can 

• explore the concepts of length, capacity, weight (ma.ss), perim- 

eter, area, time, temperature, and angle; 

* classify angles as acute, right, or obtu.se; 

• explore, di.scuss, and use nonstandard and standard (customary 

I English] and metric) .systems of mea.surcmenl; 

* u.sc tools to compare units of mea.sure within a given system; 

* make and u.sc estimates of mca.surcment; 

• make and use mea.surement in problems and everyday situations; 

and 

' connect measurement to other aspects of mathematics and to 
other disciplines. 
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Activity: 
HOW BIG IS YOUR HEART? 

Objective: To measure the length, width, and circumference of 
each student's fist and relate these dimensions to the size of the 
heart. 

Directions: Give each student a copy of the activity sheet. 
Read the introductory statement, and explain what the students 
are to do. To measure the circumference of the heart, a piece of 
string about 40 cm long should be wrapped around the fist 
including the thumb, and then that distance should be measured 
with a ruler. Students should record their actual measurements 
and their predicted measurements on their activity sheets. They 
should also make models of their hearts, using their fists as 
guidelines. 

Your heart is a nuichine. It pumps blood to all parts of your 
body. The bigger the person, the bigger the heart. Your heart is 
about the size of your fist. Your heart and fist will grow at 
about the same rate. 

1. Make a fist. Use string and a ruler to find 

• its length: 

• ils width: 

• the distance around your fist: 

2. On the basis of the measurements you made, 

about how long do you think your heart is? 



3. Find the distance art)und the fist of 

• your teacher: 

• an older friend: 

• a parent: 

(continued) 
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(continued) 





\ 



Whose list is biggest ? 




Whose heart do you 
think is the biggest? 




4. Mow long do you think your heart will ho when you aiv 

16 years old? 

5. Using your fist a.s a model, make a paper model ot" your 

heart. Write the length, width, and distanee around the 
model of your heart. 

(Reprinted with permission from Pa-ssarello and Fennell, Anilinwtic 
Teacher, 1992. pp. .^2, .'^4) 



Strand: Probability and Statistics - Grades K-3 

Children should learn about data eolleetion and analysis while 
they u.se data eolleetion and analysis to learn about the world. Students 
learn that they can generate and answer questions about the world 
around them by eolleeting. organizing, describing, displaying, and 
interpreting data. Tlie questions investigated by young children sb(^uld 
come from their natural interests. Children need regular opportunities 
to gather information and u.se that information to make decisions and 
solve problems. They should create iheir own graphic displays ot 
information and interpret the results. This interpretation should in 
elude inferences regarding probability, f-urthermore, students shoviki 
have informal opportunities to [)iedict outcomes based on previous 
experiences. 
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Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• explore concepts of the likelihood of events, including impos- 

sible, not likely, equally likely, more likely, and certain events; 

• generate questions, collect data, organize and display informa- 

tion, and interpret findings; 

• identify and appreciate examples of probability and statistics in 

the world around them; and 
' connect probability and statistics to other aspects of mathematics 
and other disciplines. 



Activity: 
BEARS IN THE BAG 

The following game relies on student involvement to dem- 
onstrate some fundamental properties of probability. 




Give each student a bag and a set of twenty teddy bear 
counters, ten blue and ten red. Throughout the exercise, stu- 
dents will put diflerent combinations of red and blue counters 
in their bags, using no more than a total of ten counters at a 
time. At the teacher's signal, they will each pull out one count- 
er. Fiecord the number of blue counters and the number of red 
counters for the entire class. 

For example, begin by having students put all ten blue 
coiiniers in their bags. Tell them they will pull one teddy bear 
from the bag, but first have them predict the color of the teddy 

(continued) 
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(continued) 

bear that they will remove. Students remove one teddy bear 
from the bag and record the fact that every student removed a 
blue bear. 

Next, have students put seven blue teddy bears and three 
red teddy bears in the bag. Again, have them predict what color 
bear they will get when they pull one counter from their bags. 
Record these guesses. Then have students remove one bear 
from their bag and record how many students pulled out a blue 
bear and how many pulled out a red bear. Repeat the exercise 
two or three times. Compare the resulLs with the predictions. 

Try again using five red and five blue bears, seven red and 
three blue bears, and ten red bears. Repeat the exercise several 
times with each combination. 

Students should discuss how their predictions compare with 
the results. Extend the activity by asking students to imagine 
what would happen if there were 10 red bears and 10 blue bears, 
15 red bears and 5 blue bears, etc. 

(Adapted with pemiission from AIMS Education Foundation. 
Primarily Bears, Book 1, 1987. pp. 48-51.) 



Mathematics Curriculum for Grades 3-6 

In grades 3-6, students need to continue to explore mathematics 
through active, hands-on investigations. They should continue to 
construct their own understanding of mathematics by relating their 
mathematical experiences outside the classroom to their mathematical 
experiences inside the classroom. They thus explore important connec- 
tions between mathematics and other di.sciplines as well as connec- 
tions within mathematics. 

As students in grides 3-6 mature, more foimal approaches to 
mathematics become a part of their daily learning experiences. Never- 
theless, they cop'iinue to neod many opportunities to experience 
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hands-on, concrete activities to ensure that they discover and under- 
stand fundamental concepts of mathematics. 

Strand: Number and Numeration Systems - Gra les 3-6 

In grades 3-6, students continue to develop their understanding 
of number and numeration and to explore number quantities and their 
relationships. ITiey build on their knowledge of whole numbers to 
develop an understanding of fractions and decimals and to extend their 
thinking and exploration of the relationships of these numerical con- 
cepts. Through these experiences, students come to recognize that 
numbers have multiple representations and learn to express fractions, 
ratios, decimals, and percenLs in a variety of meaningful ways. With 
this broader base, students expand their understanding of number and 
the idea of place value to work with larger and smaller numbers than 
previously encountered. In all aspects of these investigations, concrete 
materials and representational models should be used. Students should 
use calculators in creative ways to develop their understanding of 
numbers, relationships among numbers, and numeration. 

Students will participate in problem-solving activities through 
group and individual investigations so that ihey can 

• develop number sense for whole numbers, fractions, decimals, 

integers, and percents; 

• develop and use order relations for whole numbers, fractions, 

decimals, and integers; 

• use concrete models to explore ratios and proportions; 

• use concrete models to explore primes, factors, and multiples; 

• extend their understanding of the relationships among whole 

numbi , fractions, decimals, integers, and percents; 

• connect number and numeration systems with other aspects of 

mathematics and with other disciplines; and 

• relate the use and understanding of numeration systems to their 

world. 
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Activity: 

NUMBER SQUARES AND RECTANGLES 

Using paper or tile squares to represent numbers helps 
students develop an understanding of factors, products, prime 
numbers, composite numbers, and square numbers. This 
activity can also provide the foundation for understanding 
fractions, ratio, and proportion. 

Show students how to represent whole numbers with 
square tiles. For example, the number 12 could be a rectangle 
3 tiles by 4 tiles or 1 tile by 1 2 tiles. 



Students must know that a rectangle is a four-sided figure 
with four right angles. Show them several examples of rec- 
tangular numbers made with the square tiles. Then have stu- 
dents create the rectangle with the largest perimeter possible 
with the number of square tiles that they have. Ask them how 
they can determine the number their rectangles represent. 

Next, select a number such as hS and ask students to make 
as many rectangles as possible with 18 squares. Have them 
label each side of their rectangle according to the number of 
squares. Then have them look at what they have done and ask 
what observations they can make. For instance, a single line of 
squares is counting by ones, whereas a double line is counting 
by 2s. A rectangle of three squares by six squares is like 
adding 6 and 6 and 6; it can also represent a multiplication 
equation, 3x6= 18. 

Ask students to investigate the relationship between the 
rectangular dimensions of various representations of a number 

(continued) 
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(continued) 

and the factors of a number. What does a prime number look like 
as a rectangular number (all on one line because it has only two 
factors, itself and 1)? How could they represent a composite 
number? A square number? 

This activity can be extended by using graph paper. Outline 
a rectangular number on the graph paper and shade in a certain 
part to represent fractions graphically. 

((©1986 Regents, University of California at Berkeley. 
Reprinted from FAMILY MATH, Lawrence Hall of Science, 
Berkeley, California 94720. Adapted.) 



Strand: Numerical and Algebraic Concepts and Operations 
- Grades 3-6 

In grades 3-6, students extend their understanding^ of whole 
number operations to fractions and decimals and use models and 
patterns to construct and understand algorithms for operations on 
whole numbers, fractions, and decimals. Students develop confidence 
in their ability to use algebraic ideas. They use manipulative models to 
investigate relationships of equality and inequality. Patterns are ex- 
plored and extended to provide students with opportunities to develop 
mathematical and open sentences. Students construct geometric formu- 
las through the use of concrete models, connecting the models to the 
appropriate algebraic language. By first solving algebraic equations 
informally and then by formal procedures, students become familiar 
with the langu ige and symbols of algebra. As they confront an unfa- 
miliar problem, they use mathematical thinking and reasoning to 
translate the problem into mathematical language and then to solve it. 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• understand and explain how the basic arithmetic operations relate 

to each other; 

• extend their understanding of whole number operations to frac- 

tions and decimals; 

• use models, patterns, and relationships to construct and analy/e 
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algorithms for operations on whole numbers, fractions, and 
decimals; 

• model, explain, and develop reasonable proficiency in opera- 

tions on whole numbers, fractions, and decimals; 

• gain confidence in thinking and communicating algebraically; 

• solve real-world and mathematical problem situations using 

algebraic concepts including variables and open sentences; 
< use mental computation, estimation, and calculators to predict 
results and evaluate reasonableness of results; 

• understand the concepts of variables, expressions, equations, and 

inequalities; and 

• use models to explore operations on integers. 



Why: This activity provi !os practice working with ratios and 
proportions. It includes some fairiy difficult algebra problems 
that can be solved easily by trial and error using the beans. 

Tools: Dry red beans, lima beans, and black-eyed peas; paper 
plates or paper cups to hold small portions of beans. 

How: All three types of beans go into each salad in this activ- 
ity. Students should be encouraged to guess and adjust as they 
work, using the beans to solve the problems. For each salad 
they must determine how many of each of the three types of 
beans are needed. 



Activity: 
THREE BEAN SALADS 



Each salad contains Red beans, 
Lima beans, and Black-eyed peas. 



1 



2 



This .salad contain.s; 

2 Lima beans 

Twice as many Rod hoans 



This salad contains: 
4 Red beans 

1/2 as many Black -eyed peas 



as Lima heans 
10 beans in all 



as Red beans 
10 beans in all 



(continued) 
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3 


4 


Lima beans make up 1/2 ot 


1 nlS SdidU UUllUllIid. 


this salad: 


1 nc dcunc iiuiiiuvi ui ixuu 


The salad has exactly 2 Red 


DCanS do LfliTia Uvdlid 


beans 


J murL Did.cK,-cyco iiiaii 


The number of Lima beans is 


IVCQ (TCdlld 


double the number of Red 


A total 01 18 Deans 


beans 




5 


6 


This salad contains 12 beans 


This salad contains at least 


1/2 of the beans are Red 


12 beans 


Lima beans make up 1/4 of 


It has one more Lima bean 


the salad 


than Red beans 




It has one more Red bean 




than Black-eyes 


7 


8 


This salad contains: 


This salad contains: 


3 times as many Red beans 


An equal number of Red 


as Black-eyes 


beans and Black-eyes 


One more Lima bean than 


5 more Lima beans than Red 


Red beans 


beans 


8 beans in all 


No more than 20 beans 


Make up a different salad. 


Write instructions for someone else to make your salad. 


(©1986 Regents. University of California at Berkeley. 


Reprinted from FAMILY MATH, Lawrence Hall of Science. 


Berkeley, California 94720. Adapted.) 



Strand: Patterns, Relationships, and Functions - 
Grades 3-6 



In grades 3- 6, work with patterns continues to be informal and 
provides a transition to symbolic representation. .Students .should be 
encouraged to ob.serve and describe many kinds of patterns in the 
world around them - for example: in architecture, tree leaves, pine 
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cones, pineapple spirals, and street grids on maps. By iserving the 
number of patterns that emerge from a variety of situations, students 
explore and understand the underiying structure of the number system 
and become familiar with commonly encountered number sequences 
such as odd numbers, multiples, and squares. Using technology, 
especially calculators, will further their understanding of patterns by 
allowing them to explore patterns in depth and to use larger numbers. 
When students create graphs, tables, mathematical expressions, equa- 
tions, or verbal descriptions to represent the patterns they observe, they 
discover how different representations reveal different interpretations 
of a situation. 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• use concrete models and calculators to create and explore pal- 

terns; 

• explore, recognize, describe, extend, analyze, and create a wide 

variety of patterns; 

• represent, di.scuss, and describe functional relationships with 

tables, one- and two-dimensional graphs, and rules; 

• analyze and predict functional relationships and make generaliza- 

tions based on observed patterns; 

• explore the use of variables, equations, and inequalities to 

express relationships; and 

• connect patterns, relationships, and functions with other aspects 

of mathematics and with other disciplines. 



Activity: 
WHAT'S MY RULE? 

Get ready. The purpose of this activity is lo help students 
recognizxj number patterns and test their conjectures. Students 
solve number riddles by guessing the rules that apply to sets of 
three numbers. The f(Kus is on describing a pattern both orally 
and in writing. 

Get going. Hxplain to the class that the goal ot the activity is to 
guess a rule that you have made up. The rule generates number 

(continued) 
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(continued) 

triples. Think of a rule and write on the chalkboard three 
numbers related by the rule. For example, if your rule is "the 
third number is the product of the first two," write this se- 
quence of numbers: 3 5 15. The students give three numbers 
that they think satisfy the rule. Respond yes or no and keep 
track of their guesses and your responses on a chart as shown 
below. 



Attempt Guess Response 

1 12 3 Yes 

2 12 11 10 No 

3 4 5 6 Yes 

4 10 11 12 Yes 

Rule: Each number is 1 more than the previous number. 

Attempt Guess Response 

1 70 21 7 Yes 

2 7 77 17 No 

3 3 6 9 No 

4 35 42 56 Yes 



Rule: All numbers are multiples of 7. 

The class continues to name triples and to receive your feed- 
back. When the students think they are ready to guess the rule, 
give them several triples. They must indicate whether or not 
the numbers satisfy the rule and describe the rule. 

Keep going. Have small groups of students play the game. Let 
individual students invent their own rules and be rule makers 
for further class games at the chalkboard. Join the game and 
see if you can guess the students' rule. Students are delighted 
when a teacher plays along. Some possibilities for rules follow: 

(continued) 
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(continued) 

1 . The third number is the sum of the first two: 

4 7 11 
8 2 10 

2. The first two numbers are even and the third is always odd: 

4 6 7 
8 2 5 

3 The second number is greater than the sum of the first and 
third numbers: 

2 9 6 
10 30 14 

(Reprinted with permission from Burton and others, Foiirtli-Grade 
Book, 1992, pp. 4-5) 



Strand: Geometry and Spatial Sense - Grades 3-6 

Students in grades 3-6 develop their spatial sense by examining 
and comparing objects from different perspectives. When given oppor- 
tunities to notice how shapes change when viewed from different 
angles and how different shapes relate to other shapes, students begin 
to understand the mathematical relationships involved in geometry. 
By handling, thinking about, drawing, and comparing shapes, children 
become more familiar with geometric concepts and terminology. Their 
use of geometric ideas and language, as well as their ability to make 
simple deductions about geometric properties, develops out of their 
natural interest in the world around them when activities focus on 
representing, describing, and analyzing their own environment. 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

* conslnicl two- and three-dimensional geomeUic figures with 

concrete materials; 
' identify, describe, classify, and compare iwo-and ihrce-dimen- 

sional geometric shapos, figures, and models according to their 

attributes; 
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• develop spatial sense by thinking about and representing geomei 

ric figures; 

• investigate and predict the results of transformations of shapes, 

figures, and models, including slides, flips, and turns and 
combinations of slides, flips, and turns; 

• investigate and predict the results of combining and partitioning 

shapes, figures, and models; 

• explore tessellations, symmetry, congruence, similarity, scale. 

perspective, angles, and networks; 

• represent ;ind solve problems using geometric models; 

• understand and apply geometric relationships; 

• develop an appreciation for geometry as a means of describing 

the physical world; and 

• connect geometry and spatial sense to other aspects of malhemat 

ics and to other disciplines. 



Activity: 
WHAT ARE PENTOMINOES? 

Objectives: This problem-solving activity helps students to 
develop their skills of spatial perception. It gives them an 
opportunity to experience informally geometric concepts such 
as congruence, flips, and turns. The students, working in 
cooperative groups, will discover and make all possible geo- 
metric shapes called pentominoes. 

Materials: Each student needs 5 color tiles, a pair of scissors, 
and a sheet of one-inch squared paper. Each cooperative group 
will be given a 6 x 10 puzzle grid sheet made from one-inch 
squared paper after the group has discovered all of the different 
possible pcnlominocs. 

Introduction: Di.scuss how to form a domino with 2 color tiles 
(there is only one way) and how to fonn a iromino with 3 color 
tiles (there are only two waysV 
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(continued) 

Then discuss how to form a pentomino with 5 tiles, stressing 
that at least one full side of a tile must touch one full side of 
another tile. 



A pentomino 



Not a pentomino 



n 



Activity: Have each group to find all tlie different pentominoes 
that are possible. Students should make each pentomino with 
color tiles, draw it on squared paper, and cut it out. If a 
pentomino can be flipped or turned to fit on top of another 
pentomino, it is not a different pentomino. The groups should 
find all the different possible pentominoes and should explain 
how they know they have found them all. 

When a group has made a complete set of pentominoes, give 
the group a puzzle grid sheet with the challenge to fit all of the 
pieces together to make a 6 x 10 rectangle with no holes in ii 
and with no overlapping pieces. 

Closure: Show the 12 different possible pentominoes. 



(continued) 
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(continued) 



Discuss a syslemaiic way of finding all 12 of ihem: 

Maximum Number of Number of Different 

Squares in aRow vSuch Pentomincx;s 

^_ . 

4 2 
3 8 
2 1 

Then, show a solution to the challenging puzzle, which has 
over 1,(KK) solutions: 





























1 













6x 10 



Point out that the 6 x 10 puzzle grid sheet has an area of 60 
squares, and since each pentomino has an area of 5 squares, 
there must be 60+5=12 pentominoes. 

(Adapted with permission from AIMS Hducatiori I-oundation, 
Hardlmtling in Geo-World, 19Hf), pp, H) (A) 
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Strand: Measurement - Grades 3-6 

In grades 3-6, measurement is of centra! i»njx)rtance to the curric- 
ulum, because of its power to help students see that mathematics is 
useftil in everyday life and to help them develop many matliematicai 
concepts and skiiis (NCTM Curriculum and Evaluation Standards 
for School Mathematics, 1989, p. 51). 

Students decide the most appropriate tool for a particular task 
and determine the most useful way to measure an object. As students 
acquire the ability to use appropriate measuring tools in the classroom, 
they should extend these skiiis to applications such as architecture, art, 
science, commercial design, sports, cooking, and map reading. Stu- 
dents' abilities to use estimation strategies develop naturally through 
their experiences in measuring the world around them. 

Students will participate in problem-solving activities through 
group and individual investigations so tiial they can 

• understand tlie concepts and attributes of length, capacity, weight 

(mass), perimeter, area, volum e, time, temperature, and angle 
measure; 

• understand the structure and use of nonstandard and standard 

(customary {English) and metric) systems of measurement; 

• estimate, construct, and use measurement for description and 

comparison; 

• select and use appropriate tools and units to measure to the 

degree of accuracy required in a particular situation; 
' use concrete and graphic models to discover formulas for finding 
perimeter and area of common two-dimensional shapes; 

• use measurements and formulas to solve real-world and math- 

ematical problems; and 

• connect measurement to other aspects of mathematics and to 

other disciplines. 
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Activity: 
GETTING THE FACTS 

Literature: Clement, Rod. Counting on Frank. Milwaukee, 
WI: Gareth Stevens Children's Books, 1991. (The narrator of 
this book likes to collect facts with the help of his dog Frank. 
Each two-page spread of the book includes a different fact 
involving such mathematical topics as counting, size compari- 
son, or ratio.) 

Objective: Students solve problems involving estimation of 
volume. 

Directions: Read the entire story aloud. Tell students that they 
will need to know the size of the average humpback whale, and 
di.scuss where this information can be found. Divide the class 
into small, cooperative groups, giving each group a worksheet 
to complete. Because the data the students have collected will 
probably include the whale's length and width, they will have 
to make inferences about the dimensions of a box for the 
whale. They should justify these dimensions. They should also 
describe the processes they used to find their answers to the 
questions on the worksheet. 



One of the facts shared in the book Counting on Frank is that 
only ten humpback whales would fit in the narrator's house. 
Let's find out the size of his hou.se. 
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(continued) 
Getting the Facts 

How big is ihe average humpback whale? 



Using the Facts 

If you placed one whale inside a box, about how big would the 
box need to be? 

Length 

Width 

Height 

Describe how you determined the box dimensions. 



About how much space would ten boxes fill? 
About how big is the boy's house? 



About how many humpback whales would fit in your 
school'.' 

Write down how you arrived at your answer. 



(Koprintod with permission from Hopkins, Arithmetic Teacher . ^, 
pp. 51.\.517,) 



Strand: Probability and Statistics - Grades 3-6 

Students in grades 3-6 continue to investigate the world around 
iliein by gathering and interpreting data. At this level, students' enicrji 
ing interest in music trends, movies, fashion, sports, and other con 
sumer issues can serve as a natural source of questions to explore. 
Once data have been gathered and analy/,ed, students communicate 
their results to classmates, discuss their reasoning proces.ses, and 
evaluate the conclusions reached by others. Students g.iin an under 
standing of the connection between statistics and probability by wink 
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ing with data that show the frequency or likelihood of an event and 
using this information to make predictions. Organizing data into charts 
and graphs helps students understand how they can present their 
findings visually and read graphic representations of data. 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

* model situations by devising and carrying out experiments or 

simulations to determine probability; 
" extend their understanding of probability and statistics by system- 
atically collecting, organizing, discussing, and describing data, 
using technology whenever appropriate; 
select and use a variety of representations for displaying data; 

* construct, read and interpret tables, graphs, and charts; and 
make and justify predictions based on collected data or experi- 
ments, using technology whenever appropriate. 



Activity: 
THE AGE OF CENTS 

Students will explore the minting dates of pennies in cir- 
culation and predict from a small sample to a nationwide popu- 
lation with a measurable degree of accuracy. 

Have students collect 50-100 pennies from a variety of 
sources. Divide the cla.ss into groups of 4-5 students. Have each 
student predict what the total collection of coins will be like in 
such things as the 

• distribution of minting dates, 

• number minted in 1980. 1981, or any other year. 

• probability of staying in circulation 10 or 20 years, and 

• probability of being minted prior to 1970, etc. 

After each has made the predicti;)n based on its sample of 
pennies, have them check the prediction against the facts. 

(continued) 
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(continued) 

In order to gather the facts, students must 

* tabulate and graph the information from their sample, 

* predict from their sample, 

•check their predictions against the larger sample, 
•predict from the larger sample to the population, and 

* tabulate and graph the classroom sample. 

In what ways can the information obtained from their com- 
bined samples be made more reliable with respect to the entire 
population? What is the median minting date of pennies in 
circulation? What percent of the total number of pennies in 
circulation were minted before 1965? In what year was the 
largest number of coins in circulation? 

Students will v,'ritc their findings in a report. 

Extension: Find out from the U. S. Treasury how many 
coins were minted in given years and how the number to be 
minted is detemiined. 

(Adapted with permission from AIMS Education Foundation. Math 
Plus Science: A Solutiotu 1987, p. 33) 



Mathe.iiatits CiijricM)um tur Grades 6-9 

Students in grades 6-9 also need to be actively engaged, both 
physically and intellectually, in activities that connect their prior 
experiences and knowledge to new situations. The use of manipulative 
materials, calculators, and computer technology arc essential tools to 
help them make these connections. 

Since students in this transition period are making decisions that 
will affect their future, they should understand and appreciate the 
importance of mathematics in that future. All students in grades 6-9 
must thus be provided with a full, rich mathematics curriculum that 
will open the doors to .success as they continue their education and 
later as they enter the workplace. 
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Strand: Number and Numeration Systems - Grades 6-9 

In grades 6-9, students broaden their experience with rational and 
irrational numbers as a foundation for manipulating algebraic expres- 
sions. Students need to explore very large and very small numbers 
represented in decimal form, in exponential form, and in scientific 
notation; to develop an understanding of negative numbers and irratio- 
nal numbers; and to continue to compare fractions, decimals, and 
pcrccnLs and their alternate representations. Students should feel at 
case with integers and realize that their operations and properties are a 
natural extension of the whole number system. Teachers should rein- 
force number sense by exposing students to number lines, graphs, 
area models, and representations of numbers that appear on calculators 
and computers. Students should be encouraged to use estimation, to do 
work mentally, and to find alternate solutions to llie same problem. 
They should be exposed to grouping schemes other than base ten. 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• extend their development of number .sense to include all real 

numbers; 

• develop and u.se order relations for real numbers; 

• understand, represent, and use real numbers in a variety of 

equivalent forms (integers, fractions, decimals, percents, 
exponentials, and .scientific notation) in a variety of real-world 
and mathematical problem situations; 

• understand and apply ratios, proportions, and percents in a wide 

variety of situations; 

• develop and apply number theory concepts (primes, composites. 

factors, and multiples) in a variety of real-world and math- 
ematical problem .situations; and 

• connect number and numeration systems with other aspects of 

mathematics and with other disciplines. 
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Activity: 
MCDONALD'S CLAIM 

You and a friend read in the newspaper that 7% of all 
Americans eat at McDonald's each day. Your friend says, 
"That's impossible!" 

You know that there are approximately 250,(XX),000 
Americans and approximately 9,0(X) McDonald's restaurants 
in the U.S. You think the claim is reasonable. 

Show your mathematical work and write a paragraph or 
two that explains your reasoning. 

(Reprinted with permission from Dixon and others, Performmce Task 
Sampler, Hem Number: D14) 



Strand: Numerical and Algebraic Concepts and 
Operations - Grades 6-9 

In grades 6-9, students are making the transitions from number to 
variable and from arithmetic to algebra. They are learning to think 
proportionally. Students draw upon their experiences with patterns to 
explore the properties of algebraic relations. They should investigate 
patterns leading to formulas from home and work contexts, from other 
disciplines such as science, as well as from other strands and under- 
stand them as examples of functional relationships. Informal explora- 
tion should emphasize physical models, data, graphs, and other math- 
ematical representations, leading students to sharpen their skills in 
recognizing patterns and regularities in mathematics. As students 
develop confidence in using algebra to represent and solve problems in 
informal situations, they extend these skills to more abstract and 
symbolic representations. 

Students will participate in problem-solving activities thrv)ugh 
group and individual investigations so that ihey can 

' use models, patterns, and relationships to construct, explain, and 
analyze algorithms for operations on integers and explain how 
the operations relate to each other; 
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' develop reasonable proficiency in operations on integers and 
rational numbers; 

• develop, analyze, and explain techniques for estimation; 

• develop, analyze, and explain procedures for solving problems 

involving proportions; 

• select and use appropriate methods for computing from among 

mental arithmetic, paper-and-pencil, calculator, or computer 
methods; 

• use mental computation, estimation, and calculators to solve 

problems, predict results, and evaluate reasonableness of 
results; 

• understand the concepLs of variables, expressions, equations, and 

inequalities and gain confidence in thinking and communicat- 
ing algebraically; 

• represent situations and number patterns with models, tables, 

graphs, verbal rules, and equations and make connections 
among these representations; 

• analyze tables and graphs to identify properties and relationships; 

• solve linear equations using concrete, informal, and formal 

methods; 

• investigate inequalities and non-linear equations informally; and 

• apply algebraic methods to solve a variety of real-world and 

mathematical problems. 



Activity: 
OPERATIONS ON FRACTIONS 

To the Teacher: This activity is useful for clarifying students' 
understanding of the effects of certain operations on fractions 
and for helping to develop number sense. 

Display the number line and ask students questions such as 
those indicated hero and others that come to mind. Encourage 
slutlenLs to justify their answers by explaining their reasoning. 



A B C D E F 





4-4-4-+- 










h ^ — 1 





□ 1 2 



(continued) 
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(conrinised) 

1 . If the fractions represented by the points D and E are multi- 

plied, what point on the number line best represents the 
product? 

2. If the fractions represented by the points C and D are multi- 

plied, what point on the number line best represents the 
product? 

3. If the fractions represented by the points B and F are 

multiplied, what point on the number line best represents 
the product? 

4. Suppose 20 is multiplied by the number represented by E on 

the number line. Estimate the product. 

5. Suppose 20 is divided by the number represenied by E on 

the number line. Estimate the quotient. 

(Reprintea with permission from Reys and others. Developing 
Number Sense in the Middle Grades, 1991, p. 34) 



Strand: Patterns, Relationships, and Functions - 
Grades 6-9 

The study of patterns in grades 6-9 builds on students' experiences 
in grades 3-6, with a shift in emphasis to an exploration of functions. 
Students continue to explore patterns in the real world and begin to 
build mathematical models to make predictions about real-world 
situations. By observing and describing functions in informal ways, 
students learn that functions are composed of variables that have a 
dynamic relationship (i.e., a changf: in one variable results in a change 
in the other). The study of functions expai^ds to include learning 
related concepts such as domain and range, using algebraic expres 
sions to describe functions, and solving problems that involve func- 
tional relationships. Explorations of these concepts should be en- 
hanced by the use of calculators and computers. 

Students wih participate in problem-solving activities through 
group and individual investigations .so that they can 
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• use technology along with concrete, numerical, and abstract 

models to explore, describe, analyze, extend, and create a wide 
variety of patterns; 

• represent, discuss, and describe functional relationships with 

tables, graphs, and rules; 

• analyze and predict functional relationships and make generaliza- 

tions based on observed patterns; 

• use models and technology to analyze functional relationships to 

explain how a change in one quantity results in a change in 
another quantity; 
' use variables, equations, and inequalities to express functional 
relationships; 

' make, test, and utilize generalizations about given information as 
a means of solving rcal-wodd and mathematical problems; and 

• connect patterns, relationships, and functions with other aspects 

of mathematics and with other disciplines. 



Activity: 

PATTERNS IN THE POWERS CHART 

Problem: If 2"" is expanded, what is the digit in the units 
place? 

Launch: Be sure students understand the question. Expand 
2". What is the digit in the units place? [2" = 1,024, so 4 is 
the digit in the units place.] 

Explore: Allow students time to explore the problem. If stu- 
dents first try using a calculator, they may end up with scientific 
notation. Suggest looking at smaller exponents to find a pattern. 

Summarize: The units digit repeats in a cycle of four: 2, 4, 8, 
6, 2, 4, 8, 6, ... Students need to observe where each number 
occurs in a cycle: 2 occurs for the exponents 1, 5, 9, or for 
the exponents that have a remainder of 1 when divided by 4 
(or I more than a multiple of 4). Similarly, 4 occurs for the 
exponents 2, 6. 10. . ., or for the exponents thai have a remainder 
of 2 when divided by 4; 8 will occur for the exponents that have 

(continued) 
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(continued) 

a remainder of 3 when divided by 4; and 6 will occur for the 
exponents that have a remainder of 0 (or multiples of 4) when 
divided by 4. Thus, 2'** ends in 6, 2" ends in 2, and 2*' ends 
in 8. 

The original question can be extended for powers of all 
whole numbers 1 through 10. Let students investigate these 
powers. An amazing pattern emerges. The longest cycle for 
the units digit is four, and only 2, 3, 7, and 8 have a cycle of 
length four. A cycle of length one occurs for 1, 5, 6, and 10. 
A cycle of length two occurs for 4 and 9. 

If this pattern is put into a table, other patterns can be ob- 
served. Some patterns to investigate are the endings for square 
numbers, cube numbers or those that yield the same number. 
For example, could 292 bt,'. a square? [No, a square number does 
not end with a 2.) What are the endings for numbers that are a 
fourth power? [0, 1 , 5, or 6 J Another example is 2* = 4' = 16. 
Why? Are there others? This can lead to the generalization 
that (2T = 2"'". Other investigations can lead to a di.scovery of 
the other exponential rules. Does 2^ ' 3^ = 6^? [Yes] Why? 



Units digit 
of llic 
powers 



2 
3 
4 
5 
6 
7 
8 
9 



4 

9 

16 

25 

36 

49 

64 

81 

1(H) 



8 

27 

64 

125 

21(> 

.343 

512 

729 

1.0(K) 



16 

81 

256 

625 

1,296 

2,401 

4,096 

6,561 

KMKK) 



32 

243 

1,024 

3,125 

7,776 

16,807 

32,768 

59,059 

KMMKM) 



64 
729 

4,096 ' 
15,625 \ 
46,656 
117,649 ; 
262,144 \ 
531,441 : 
1,(K)(),()(K) 



2,4,8,6 

3.9,7,1 

4,6 

5 

6 

7,9,3,1 
8,4.2,6 

0 
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(continued) 

The last question provides a good opportunity to increase 
students' estimation skills. In the first example, 823,543 < 10' 
and the only numbers whose powers will have a 3 in the units 
place must end in a 7 or a 3. So the number is either 3 or 7, but 
closer to 7. Use a calculator to check that V = 823,543. Similar 
reasoning will yield 1 1* = 1,771,561 and 13* = 371,293. 

Students could investigate the largest power of 2 that can 
be displayed completely in the calculator window. The answer 
will depend on the calculator. Most calculators will have an 
eight-place display. Thus 2" = 67,108,864 is the largest power 
of 2 that can be displayed. If 2" is entered, either the error 
symbol occurs or the display 1.3421773 08 occurs. The latter 
means 1.3421773 x 10*. Thi.; is scientific notation, which would 
be an appropriate topic to investigate during a discussion of 
exponents. 

Here are some other questions for student investigation: 

•What is the digit in the units place for 17"*? 24'«? 31"? 
These numbers will behave like 7, 4, and 1, respectively. So 
17'** ends in 1, 24** ends in 6, and 31'* ends in 1. 

•How many zeros are there in 10'' lO'"? !()"*'.' 

•Which is larger; 6'* or 7'»'.> 8" or lO"? 6 'or 9*? Why' 

■Try to find the missing numbers with one guess; chock 
with a calculator. 



= 823,543 



1,771, .56! '.'^ = .371.293 



(Reprinted with permission Irom I'liillips and oiIkts, Paitcnis mul 
Fum-tioiis, IWl. pp. 12-14) 
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Strand: Geometry and Spatial Sense - Grades 6-9 

Through the process of solving problems, students in grades 6- 
9 use their more advanced reasoning abilities to gain furth t under- 
standing of geometric concepts and procedures. Students observe, 
analyze, and construct two- and three-dimensional models in order to 
exf )re relationships among shapes and their component parts. Stu- 
denLs also use models and transformations to describe, quantify, and 
represent the real world. Models provide a foundation for conceptual- 
izing geometric relationships, making inferences about geometric 
properties, and solving geometry problems. When teachers invite 
students to discuss their conclusions and challenge studenLs to view 
problems from different perspectives, students' confidence in geomet- 
ric concepts and language is strengthened. 

Students will participa z in problem-solving activities hrough 
group and individual investigations so thi- t they can 

' model, identify, describe, classify, and compare two- and three- 
dimensional geometric figures; 

' use technoh ly whenever appropriate to explore concepts and 
applications of geometry; 

• develop spatial sense by thinking about, constructing, and draw- 

ing two- and three-dimensional geometric figures; 
' investigate and predict the results of combining, partitioning, and 
changing shapes, figures, and models; 

• investigate the results of transformations, including translations, 

reflections, rotations, and glide reflections, to reinforce con- 
cepts such as congruence, similarity, parallelism, perpendicu- 
larity, and symmetry; 

• apply coordinate geometry to locate positions in two and throe 

dimensions; 

- represent and apply geometric properties and relationships to 
solve real-worid and mathematical problems; and 

■connect geometry and spatial sense to the physical world, to other 
asjiccts of mathematics, and to other disciplines. 
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Activity: 

SHAPES AND WATER IN A CUBE 

This learning activity should be done by groups of four or five 
students. 

1 . Fiaeh group should have a liter box containing some colored 
water (use food coloring); the approximate depth of the water 
should be 4 centimeters. A container with additional water 
should he available for use if necessary. 

2. Each group should discuss what is meant by a "cross sec- 
tion," in particular, a plane polygon cross section made by the 
top surface of the water in the liter box. For example, when the 
liter box sits flat on the table, the polygon cross section formed 
by the top surface of the water is a square. If the box is tilted 
slightly, the shap>e of the polygon cross section changes. 





?i. Challenge: Each group should position, if possible, the liter 
ho\ so that the polygon cross section made by the top surface 
o( the water has the following shapes: 

• A square 

• A rectangle that is not a square 

• A parallelogram that is not a rectangle 

• A trapezoid 

• An isosceles triangle 

• An equilateral triangle 

• A pentagon 

• A hexagon 

• An octagi)n 

• Olher (student chiiices) 

(continued) 
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(continued) 

Is it possible to create all the figures above with water in the 
liter box? 

If not, explain why particular shapes are impossible to create 
with water in a liter box. 

(Reprinted with permission from Geddcs and others. Geometry in 
the Middle Grailes, 1992, p. 61) 



Strand: Measurement - Grades 6-9 

In grades 6-9, measurement activities focus on the transition from 
concrete to abstract mathematics. Such activities should be related to 
active exploration of the real world with careful selection and u.se of 
appropriate tools in measuring objects. However, students' ability to 
use these tools should be extended so that they can apply these skills to 
new situations. As students move through grades 6-9, there will be a 
shift in focus on using concepts and skills as students learn more effi- 
cient procedures and, ultimately, formulas for finding measurements 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

* extend their understanding of the concepts and proces.ses of 

length, capacity, weight (mass), perimeter, area, volume, time, 
temperature, and angle measure; 

* estimate, construct, and u.se mea.surements to describe and com- 

pare phenomena; 
" use suitable methods of approximations to find areas and vol- 
umes of irregular shapes; 

* understand the structure and u.se of nonstandard and standard 

(cu,stomary and metric) systems of measurement; 
' .select and u.se appropriate tools and units to measure to the 
degree of accuracy required in a particular situation; 

* develop the concepts of rates and other derived and indirect 

measurements; 

' u.se concrete and graphic moi Is to disci)ver formulas i'or finding 
perimeter, aa'a, and volume of common two- and three-dimen- 
.sional .shapes; 
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'ise measurements and formulas to solve real-world and math- 
ematical problems; and 
' connect measurement to other aspects of mathematics and to 
other disciplines. 



This activity makes practical use of students' measure- 
ment skills and provides practice in working in two and three 
dimensions. 

Give students a piece of plywood measuring 150 cm x 
3(X) cm. Tell them that they must construct a dog house from 
this piece of wood. They should try to make the house as large 
as possible (by volume) from the available materials. 

Students can begin by making a scale drawing to show how 
the parts of the dog house will be cut from the plywood and 
recording the measurements on the scale drawing. Students can 
draw sketches to show what the finished kennel will look like 
and record the measurements on these sketches. Encourage stu- 
dents to investigate how many different kinds of shapes of dog 
houses can be made. , ^ 



This activity can be extended by actually constructing the 
"winning" dog hou.se (largest interior volume) in the clas.sroom 
or in a practical arts cla.ss. Have students volunteer to contact 
local builders to donate the plywood. 

(Adapted with permission from National Council of Teachers of 
Mathematics, Curriculum and Evaluation Standards for School 
Mathematics. 1989. p. 118) 



Activity: 
CANINE CARPENTRY 
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Strand: Probability and Statistics - Grades 6-9 

Students in grades 6-9 build on their knowledge of probability and 
statistics to further investigate real world applications of these topics. 
Middle school students have a keen sense of fairness but often misin- 
terpret data, and their misconceptions lead to invalid conclusions. 
Through experimentation and simulation they can learn to make more 
reasonable predictions and verify their results. Sample space, experi- 
mental and theoretical probability, graphical representation of data, 
and the use of data to make inferences and to formulate and evaluate 
arguments are emphasized at this level. 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• model situations by carrying out experiments or simulations to 

determine probabilities, using technology whenever appropri- 
ate; 

" model situations by constructing a sample space to determine 
probabilities, using technology whenever appropriate; 

• make inferences and convincing arguments based on an analysis 

of theoretical or experimental probability; 

• collect, organize, analyze, describe, and make predictions with 

data, using technology whenever appropriate; 

• construct, read, and interpret tables, graphs, charts, and other 

forms of displayed data; 

• evaluate arguments that arc based on data analysis; 

• develop an appreciation for the pervasive use and misuse of 

probability and statistical analysis in the everyday world; and 

• connect probability and statistics with other aspects of mathemat- 

ics and with other disciplines. 



Activity: 
CHIPS 

The story setting for this activity is that a toy manufacturer 
is considering marketing several new two-person games. The 
manufacturer would like to choose only fair games to market. 
The class is challenged to help the manufacturer make correct 
decisions about the games. 

(continued) 



(continued) 

The games are analyzed both experimentally and theoreti- 
cally to determine fairness. This allows students to begin to see 
the effect of small samples of data versus larger samples and 
that theorefical probabilities reflect what happens in the long 
run (if the expcrimei. is performed over and over). Coins and 
chips with each side lettered provide an easy introduction to 
experimentation-simulation. The theoretical analyses are easy 
since the number of outcomes is small. Making lists and simple 
tree diagrams help students learn a systematic way to deter- 
mine the theoretical probabilities. 

Finally, if a game is unfair, students are asked to show how 
to make it fair in two different ways - either by changing the 
points (payofO or by changing the rules to change the prob- 
abilities. 

Game One 

Materials: Two chips - one with the letter X on both sides and 
one with an X on one side and a Y on ihe other side. 

Rules: Flip both chips at once. 

Score: Player I gels a point if the chips match. Player II gets a 
point if the chips do not match. 

Play and Record: 

Player I Player 11 
Match No Match 

P (Match) = 

Tally 

P(NoMauli) = 

Total = 

(continued) 
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(continued) 

Game Two 

Materials: Three chips: 

1 chip with an A side and a B side 
1 chip with an A side and a C side 
1 chip with a B side and a C side 

Rules: Flip all three chips at once. 

Score: Player I gets a point if there is a match. Player II gets a 
point if there is no match. 

Play and Record: 

Player I Player II 
Match No Match 

P (Match) = 

Tally i 

I P (No Match) = 

i 

Total 4- = 

Adapted with permission from Teaching Statistics and 
Probability (1981 Yearbook); chapter 8, "Fair Games, Unfair 
Games," by George W. Bright, John G. Harvey, and Margariete 
Montague Wheeler; copyright 1981 by the National Council of 
Teachers of Mathematics. 



Mathematics Curriculum for Grades 9-12 

In grades 9-12, all South Carolina high school students will study a 
common core curriculum in mathematics. This Framework specifics 
the standards within each content strand that are essential for all 
students graduating from South Carolina high schools. Within each 
content strand are some topics that are appropriate for students intend- 
ing to take advanced mathematics or AP calculus. No specific ap- 
proach to implementing the core curriculum at the high school level is 
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differentiated or enriched curriculum," are outlined in the NCTM book 
A Core Curriculum: Making Mathematics Count for Everyone 
(Meiring, 1991. pp. 117-141), 

Like students in grades K-8, high school students should be ac- 
tively engaged in a variety of different kinds of activities as they learn 
mathematics. Group work, individual explorations, emerging technol- 
ogy, and concrete models are helpful to students in grades 9-12 as they 
investigate and grow to understand mathematics, as they learn to make 
and create prove or disprove for conjectures, and as they develop and 
use a flexible collection of strategies for solving problems both within 
and outside of mathematics. 

Strand: Number and Numeration Systems - Grades 9-12 

In grades 9-12 studenLs should come to understand and appreciate 
number systems with their ojjerations as coherent structures rather than 
as isolated facts and rules. They should gain a thorough understanding 
of real and complex numbers, explore the fundamental properties of 
number systems, and develop conjectures and proofs of the properties 
of number systems. 

The level of computational proficiency suggested in the strand 
number and numeration systems for grades K-8 is assumed for all 
students in grades 9-12. Although arithmetical computations are not 
a direct object of study in grades 9-12, number and operation sense, 
estimation skills, and the ability to judge reasonableness of results are 
strengthened in the context of applications and problem solving. 

vStudents will participate in problem-solving activities through 
group and individual investigations so that they can 

develop the hierarchy of the reai number system and compare and 
contrast the various subsystems of the real number system with 
regard to their structural characteristics; 

connect number and number systems with other aspects of math- 
ematics and with other disciplines; 
■ use concrete models to explore fundamental prope.rties of number 
systems; 

develop conjectures and proofs of properties of number systems; 

and so that, in addition, students intending to take advanced mathemat- 
ics can 
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• develop and understand the complex number system; 

• develop an understanding of the concept of infinity; 

• investigate limiting processes by examining infmite sequences 

and series; and 

' connect the complex number system with other aspects of math- 
ematics and with other disciplines. 



Activity: 
KEEPING IN TOUCH 

This activity demonstrates how one can take a simple con- 
sumer application mathematics problem and raise the complexity 
of the problem from prc-algebra to calculus. 

Problem: Suppose your grandparents invested for your college 
education $8,000 when you were eight years old at an interest 
rate of 8% compounded annually. What amount of money will 
be in the investment when you reach the age of 18? 

Level 1: With a calculator students can compute the amount oi 
money in the account each year by successively applying this 
relationship: the amount at the end of the year equals the amount 
at the beginning of the year plus the rate times the amount at the 
beginning of the year. 

vecjr I: amount at the end of year = $8,(KK) -i- .08 (8,(KK)) = 
$8,640 

veur 2: amount at the end of year = $8,640 -i- .08 (8,640) = 
$9,3.^1.20 



year 10: 

Level 2: Students at this level can use pallcms to discover a 
general formula for finding the amount of money in an account 
compounded annually for a given number of years. This can be 

(continued) 



ERIC 



SO 



80 K-1 2 Mathematics Curriculum 



(continued) 

accomplished by allowing students to work in groups and assign- 
ing each group a different problem. Each group will report on 
its finding. The conclusion, or finding, will be used to generate 
the general formula A = P (1+r)'. 

Example: 

year I: amount at the end of year = $8,()00 + .08 (8,(X)0) = 
8{XX)(1.08) 

year 2: amount at the end of year = $8,(XX) (1.08) + 

.08 [8,0fK) (1.08)] = 8,(KX) (1.08) (1.08) = 
8,(XX)(1.08)^ 

year 3: 



year 10: 

... 8,(XX)(1.()8)" 

Note: the result may he compared with a compound in- 
terest table. 

Level 3: 

(a) F'urthcr generalization of the formula found in Level 2 
allows one to explore problems in which the annual interest 
is compounded semi-annually, quarterly, daily and so forth: 
A = P(1 -i-r/m)"". 

(b) Students at this level should explore the derivation of 
the rule of 72 by .solving for time in the formula in Ixvel 2 
using natural logarithms. 

(continued) 
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(continued) 

Level 4: After completing Level 3 students can solve for a 
given variable when values of the other three variables are 
known. 

Level 5: Using calculus, students can derive the formula 
A = Pe" for interest compounded continuously. 

Various other extensions are possible. The formula A = P (1+r)' 
can oe used in biology (exponential growth and decay), probabil- 
ity (estimating population), economics (prices), investments, and 
many others. 

(Adapted with permission from National Council of Teachers of 
Mathematics, Curriculum and Evaluation Standards for School 
Mathematics, 1989, pp. 132-134.) 



Strand: Numerical and Algebraic Concepts and 
Operations - Grades 9-12 

Algebra is a fundamental language for communication in most of 
mathematics. It provides a means of operating with concepts at an 
abstract lev^l and then applying them, and it permits generalizations 
and insights beyond the original context 
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Students will participate in problem solving activities through 
group and individual investigations so that they can 

' represent situations that involve variable quantities with expres- 
sions, equations, inequalities, and matrices; 

- use tables and graphs as tools to interpret expressions, equations, 
and inequalities, using technology whenever appropriate; 

' develop, construct, and evaluate formulas to solve a variety of 
real-world and mathematical problems; 

• develop an understanding of and facility in manipulating alge- 

braic expressions, performing elementary operations on matri- 
ces, and solving equations and inequalities; 

• recognize the worth, importance, and power of the mathematics 

of abstraction and symbolism; 

and so that, in addition, students intending to lake advanced mathemat- 
ics can 

• demonstrate facility with operations on the complex number 

system; 

" use matrices to solve linear systems, using technology whenever 
appropriate; 

» demonstrate technical facility with algebraic transformations, 
including techniques based on the theory of equations; and 

• represent problem situations using discrete structures such as 

finite graphs, matrices, sequences, and recurrence relations. 



Activity: 
WRITING AND EVALUATING 
VARIABLE EXPRESSIONS 



Objectives: • to write and interpret an algebraic expression in 
terms of a given situation 
• to develop an intuitive notion for the nature of a 
variable and the relationships among variable 
expressions. 
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(continued) 

Materials: pipe cleaners, tongue depressors, unit square tiles. 

Directions: Using pipe cleaners of length a, tongue depressors 
of length b, and tiles of unit length, form the following figures 
and state the lengths of all sides. 

1 . a triangle of perimeter 6a 

2. a rectangle of perimeter 2a + 6 

3. a regular hexagon of perimeter 12 

4. a square of perimeter 8 + 46 

5. a triangle of perimeter a + 2b+ \ 

6. a pentagon of perimeter 46 + 1 1 with no two sides of 

equal length [Answers will vary.] 

Write an expression for the perimeters of these figures: 



7. 8. 9 




[2a + 6 + 51 [3(6+1)1 [6^;] 

10. 11. 12. 




[4a 4 36 + 5] [4 (a + 2)1 [2a + 66 or 

2 (a + 36)1 



(continued) 
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(continued) 

Assessment Matters: When the instructional emphasis is on 
concept building through situations reflecting real-world 
questions and activities, the assessment should be of a similar 
nature. Open-ended, holistically scored questions, interviews, 
observation of group work, testing with the use of physical 
models like those used in instruction, and student self-assess- 
ment are appropriate approaches. 

Teaching Matters: In this activity, variables represent specific, 
but unknown, lengths. The meaning of the algebraic symbols 
and expressions arises through applying the concept of perimeter 
with concrete materials (e.g., 6a means a-f-a + a + a + a + a 
rather than 6 + a). Students practice combining like terms and 
learn inform.ally that different- appeariisg expressions may be 
equivalent (e.g., different expressions for the perimeters 
will arise in exercises 8, 1 1. and 12). The physical constraint; 
of the figures force students to associate the terms of some ex- 
pressions differently from what they first suppose. (In exercise 5, 
a triangle cannot be formed with lengths a, 2b, 1 but can be 
formed with lengths a + 1, b, b or a, b, b + 1). To extend this 
activity, ask students to evaluate perimeter expressions for 
specific values of variables. 

(Reprinted with permission from Meiring and others, A Core Curricu- 
lum: Makirti^ Mathematics Count for Everyone, 1992, pp, 37-38) 



Strand: Patterns, Relationships, and f unctions - 
Grades 9-12 

A central theme of mathematics is the study of pallems, relation- 
ships, and functions. This .study requires students to recognize, investi- 
^■dW , describe, and generalize patterns and to build mathematical 
models to prodiet real- world phenomena that exhibit the observed 
patterns The study of functions in grades 9-12 builds on students" 
experienees investijjating patterns and rclationships in grades K-8. 
1 he concept of function is a key unifying idea in mathematics relating 
arithmetic, aljiebra, and geometry as well as real-world applications. 
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The ability to develop and analyze algorithms is one aspect of this 
strand which is related to discrete mathematics. 

Critical to the study of patterns, relationships, and functions is the 
use of technology. Calculators with their input-output process model 
the function concept. Graphing calculators and computers are ideal 
tools for investigating patterns and relationships as well as translating 
among various representations. 

vStudents will participate in problem solving activities through 
group and individual investigations so that they can 

• understand the logic of algebraic procedures; 

• model real-world phenomena with a variety of fuiict' ins, using 

technology whenever appropriate; 

• represent and analyze algorithms and relationships using tables. 

verbal rules, equations, and graphs, using technology whenever 
appropriate; 

• translate among tabular, symbolic, and graphical representations 

of functions, using technology whenever appropriate; 

• recognize that a variety of problem situations can be modeled by 

the same type of function; 

• explore calculus concepts informally from both a graphical and 

numerical perspective, using technology whenever appropriate; 

and so that, in addition, students intending take advanced mathemat- 
ics can 

" analyze the effecLs of parameter changes on the graph ot" a 

function, using technology whenever appropriate; 
' understand the general properties, behaviors, and graphs ol 

classes of functions, including polynomial, rational, radical. 

exponential, logarithmic, and trigonometric functions, using 

technology whenever appropriate; and 
' understand operations on classes of functions, using technology 

whenever appropriate. • --^Kmrns^^^^ 
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Activity: 
MAKING BANQUET TABLES 

This activity is appropriate as a ninth grade activity; it can 
be extended using different shapes to higher grade levels. 

A problem is posed to entice students to examine a pattern 
of numbers related to how many people can be seated around 
a table. Using reasoning skills, students can determine the 
function which yields the number of people that can be seated 
using the number of tables as input. This acti^ ity illustrates an 
application of mathematics to the restaurant or banquet industry 
and connects the geometry of the table configurations t() the 
algebra of the function. 

Materials: At least five Cuisenaire Rods of length 2 for each 
group of students. 

Introduce the class to the problem: The Cuiscnairc Rod 
below represents a table ihat c m seat 6 people: 



Top View: 



How can you arrange two tables (rods) in order to seat 
as many people as possible? Each arrangement must form a 
rectangle. 

Answer: Two arrangements, one seals S and the other 10. 



\ 


\ \ 











(continued) 
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(continued) 



1 0 



Students should work in groups of three to six to answer 
the following questions. 

What is the greatest number of people that can be seated 
using three tables? four tables? five tables? 

Describe how the tables should be configured to seat the 
maximum number of people. Describe how they should be con- 
figured to seat the fewest people. 

Can you predict the answer for ten tables? 



Answer: # of tables # seated 

1 6 

2 8, 10 

3 10, 14 

4 12,18 



Place the tables so that the short ends of the rectangle are 
together to seat the maximum number of people. Place tables 
so that the long ends of the rectangle are together to seat the 
fewest people. 

10 24,42 



(contiimed) 
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(continued) 

Ask student groups to summarize results. Lead discussion 
around the following question. Use table from group answers 
to generate hypothesis for formula. 

Can you write a formula that takes the number of tables 
and gives the greatest number of people that can be seated? 

Answer: If n is the number of tables, 4/i + 2 is the maximum 
number of people that can be seated. 

Challenge: Prove the formula is true for all natural numbers n. 
{Hint: mathematical induction) 

(Reprinted with permission of author, Ed Dickey. This and other 
examples may be found in The Algebra Report, Video Series 
Lesson 1, 1993.) 



Strand: Geometry and Spatial Sense - Grades 9-12 

Students in grades 9-12 should deepen their understanding of 
shapes and their properties. They should continue to develop their 
ability 'o visualize and make conjectures about two- and three-dimen- 
sional objects. Students should have opportunities to work with geo- 
metric figures, concepts, and models using a discovery approach to 
allow them to construct the skills fundamental to everyday life and 
necessary for many careers. Physical models, computer-based activi- 
ties, and other real-world objects should be used to provide a base for 
the development of students' geometric intuition so that they can draw 
on these experiences in their work with abstract ideas. "Only when 
students have a sufficient grounding in the ideas of geometry should 
they be introduced to the formal deductive aspects of the subject" 
(Serra. 1989. p. 2). 

One of the most important connections in all of mathematics is that 
between geometry and algebra. The interplay between geometry and 
algebra strengthens students' abilities to formulate and analyze prob- 
lems from situations both within and outside mathematics. Although 
students will at times work separately in synthetic, coordinate, and 
transformational geometry, they should have as many opportunities as 
possible to compare, contrast, and translate among these systems. 
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Trigonometry has its origins in the study of triangles, and many 
real-world problems, such as those from navigation and surveying, 
require the solution of triangles. Trigonometric and circular functions 
are mathematical models for real-wortd phenomena, such as tempera- 
ture changes, sound waves, and tide variations. Although students 
should explore data from such periodic phenomena, students studying 
advanced mathematics should identify and analyze the corresponding 
trigonometric models. Graphing utilities can and should b'i used to 
significantly enhance and facilitate the teaching of trigunomeiry. This 
technology will provide more class time to develop understanding and 
address realistic applications (NCTM Curriculum and Evaluation Stan- 
dards for School Mathematics, 1989, pp. 157-163). 

This strand is not to be considered as defining a single course in 
geometry. Instead it describes a great variety of topics and approaches 
that should be integrated throughout the curriculum in different 
courses at different grade levels 9-12. 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• represent rcal-worid and mathematical problem situations with 

geometric models and apply geometric properties related to 
those models; 

use technology whenever appropriate to explore concepts and 
applications of geometry, 

* classify figures in terms of congruence and similarity and apply 

those relationships; 
deduce properties of and relationships between figures from 
given assumptions; 

' translate between synthetic and coordinate representations; 

' deduce properties of figures using transformations; 

' deduce properties of figures using coordinate systems; 

' analyze properties of Euclidean transformations and relaic trans- 
lations to vectors; 

• apply trigonometry to problem situations involving triangles; 

* explore periodic real-world phenomena using the sine and cosine 

functions; 

and so that, in addition, students intending to take advanced maihcmat- 
ics can 

deveh)p an understanding of an axiomatic system through invosli- 
gating and comparing various geometries; 
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* deduce properties of figures using vectors, using technology 

whenever appropriate; 

* apply transformations, coordinates, and vectors in problem- 

solving situations, using technology whenever appropriate; 
' understand the connection between trigonometric and circular 
functions; 

■ use circular functions to model periodic real-world phenomena, 
using technology whenever appropriate; 

* apply general graphing techniques to trigonometric functions, 

using technology whenever appropriate; 
' solve trigonometric equations and verify geometric identities, 
using technology whenever appropriate; and 

* understand the cui.nections between trigonometric functions and 

polar coordinates, complex numbers, and series, using technol- 
ogy whenever appropriate. 



Activity: 
Quadrilateral Investigation 

1. If you were to draw the bisectors of the angles of a 
square, they would meet in a single point because they are the 
diagonals. However, draw a rectangle and construct the bisec- 
tors of the four interior angles using a Mira, compass, or paper 
folding, as described below. These four lines intersect in four 
points, W, X, Y, and Z, as shown below. Liiit as many properties 
of the quadrilateral determined by these four points as you can. 
Compare your list with that of a partner. With a partner, justify 
each property in your combined lists. 



A 




B 



D 



{figure not drawn to scale) 



C 



(continued) 
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(continued) 

In Exercises 1 and 2, the instructions call for you to con- 
struct bisectors of the angles of a quadrilateral. You may do 
this by using a compass, a Mira, or paper folding. To use a 
Mira, construct the required quadrilateral, place the Mira so 
that one side of a vertex angle reflects onto the other side, and 
draw the reflecting line. In the figure above, the lines AY, DW, 
BY, and CW are the reflecting lines. To use paper folding, cut 
out the required quadrilateral. Make a fold through a vertex, 
creasing the paper so that the two sides of the angle fall on 
each other. The lines identified by the creases are the reflecting 
lines. 

2. Carry out the procedure described above, using any of 
the three construction methods you wish, for each of the quad- 
rilat'^rals identified below. Make a list of the properties of the 
new quadrilateral determined by the four points of intersection: 

a. A rhombus 

b. A parallelogram 

c. A kite 

d. An isosceles trapezoid 

e. A trapezoid 

f. A general quadrilateral, that is, a quadrilateral with no 

special characteristics 

?>. Examine the lists of properties you generated in parts 
a-f of Exercise 2. Are there any properties of the quadrilaterals 
in each of the above cases constructed that arc common to 
each'! If so, write your conjecture in if-then form and write a 
justification for it. 

(Adapted from Coxford and others, Geometry from Miiltipk Per- 
spectives, 1991. p. 31) 
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Strand: Measurement - Grades 9-12 

Students in grades 9-12 should increase their facility in choosing, 
making, and interpreting measurements, both direct and indirect. They 
should be able to 



These skills can be developed through the study of other aspects of 
mathematics or other disciplines. Students should also learn to make 
indirect measuremenus using rates, trigonometric ratios, and similarity 
relationships. 

Students should consider the problem of approximating areas and 
volumes of irregular .shapes and develop strategies for doing so. They 
can approximate areas using transparencies of square grids, and they 
can approximate volumes using water displacement. Computer soft- 
ware is available for approximating the area under a curve by parti- 
tioning it into rectangles and for approximating the volume of a solid 
of revolution by partitioning it into cylindrical disks, washers, or 
shells. 

This strand is also a place to develop the conceptual underpinnings 
of the calculus, especially the derivative of a function as an in.stanta- 
neous rate of change and the definite integral as the limit of a Riemann 
sum. 



The definite integral can be developed as the limit of an approximating 
sum for finding the areas of plane geometric regions, the volumes of 
solids ol revolution, and the lengths of arcs of plane curves. 

Students will participate in problem solving activities through 
group and individual investigations so that they can 
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• estimate, construct, and use measurement for description and 

comparison; 

• choose appropriate techniques, units, and tools to measure quanti- 

ties; 

• choose appropriate techniques for approximating the perimeter, 

area, or volume of irregular geomriric figures or models; 

• convert measurement units within a system to solve problems 

that involve various units, using technology whenever appro- 
priate; 

• apply the relationships between precision, accuracy, and toler- 

ance of measurements, using technology whenever appropriate; 

• use rates, similarity relationships, and trigonometric ratios to 

solve problems involving indirect measurements in two or 
three dimensions, using technology whenever appropriate; 

• connect measurement with other aspects of mathematics and with 

other disciplines; 

and so that, in addition, students intending to take advanced mathemat- 
ics can 

• understand the conceptual foundations of limits, infinite se- 

quences and series, the area under a curve, the rate of change, 
and the slope of a tangent line, and their applications to other 
disciplines, using technology whenever appropriate. 



Activity: 
BOATS AND AMBULANCES 

You arc the captain of a ship, and one of your passengers 
has been injured. Your ship is 30 miles from a point that is 60 
miles downshore from a hospital. You must order an ambu- 
lance to meet your ship at any point along a road that runs 
parallel to the shoreline. You would like to meet the ambulance 
at a point that will get your passenger to the hospital in the 
shortest possible time. Suppose that your boat travels at a rate 
of 20 mph and the ambulance will average 50 mph. 

In the questions that follow, round all approximate answers 
to two decimal places. 

(continued) 
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(continued) 



BO milss 



X 



13^ 





1. In the figure, x represents the distance downshore to the 
point where the ambulance is to meet the boat. Suppose the 
boat sails directly to shore. Here jc = 0 miles. 

a. How far must the boat travel? 

b. How long will the boat take? 

c. How far must the ambulance travel to the 

hospital? 

d. How long will the ambulance take? 

e. How long will it take to get the passenger to the 

hospital? 

2. Suppose that x= 10 miles. 

a. Determine the distance the boat must travel. 

b. How long will the boat take? 

c. How far must the ambulance travel to the 

hospital? 

d. How long will the ambulance take? 

e. How long will it take to get the passenger to the 

hospital? 



(continued) 



ERIC 



106 



K-12 Mathematics Curriculum 



95 



(continued) 



3. Record your answers to the previous questions in the 
chart below and complete the chart by doing calculations 
similar lo those you did in question 2. 



0 

20 

"30 
40" 

To 

60 



Boat 
distance 



Boat 
time 



Ambulance Ambulance Total 
distance time time 



4. Which value of jc results in the shortest time for the 
trip? 

5. Try to shorten the total time required for the trip by using 
other values ofx. Record the total time and the value of j: for 
any better times you find. Compare your results with those of 
your classmates. 

Teaching Notes: The total amount of time for the trip is the 
sum of the boat's time and the ambulance's time. Since time is 
equal to distance divided by rate, the total time is given by the 
function 



V^^+30^ 60 -JC 

/(A) = + ■ 



20 



50 



A traditional approach to this problem uses calculus and con- 
sists of differentiating the time function f and finding the zeros 
of its derivative f 



(continued) 
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(continued) 

High school students can solve this problem without 
calculus by using calculator or computer technology. They can 
use an ordinary calculator or an inexpensive computer with a 
simple spreadsheet to solve the problem. They can also use a 
graphing calculator to draw the graph of the time function f and 
to locale the y-coordinate of the lowest point on the graph. 

(Reprinted with permlss'on from Froelich and others, Connecting 
Mathematics, 1991, pp. 40-43 and 54-55) 



Strand: Probability and Statistics - Grades 9-12 

Students in grades 9-12 should learn how to make sense of ical- 
world data and to interpret that data. They should develop strong 
intuitive understandings of probability concepts by estimating prob- 
abilities associated with real-world data. 

All 9-12 students should participate in hands-on, activity-based 
studies of real-world data in the context of exploratory data analysis 
and probability. Students need to explore, to discuss, and to pose hard 
questions about data that they find interesting and relevant to their 
lives. They should understand that statistical analysis is the careful and 
qualified interpretation of patterns and associations found in data. The 
emphasis in this strand should be on making sense of data, on estimat- 
ing probabilities by working with real-world data, and on using ex- 
pected values for decision making. 

This strand should not be viewed as advocating a course in statis- 
tics and probability. Instead it describes topics and ap' roaches that 
can be effectively integrated into the curriculum in different places at 
dilTerent grade levels 9-12. Instructional methods should have stu- 
dents - either as individuals or in small groups - exploring data sets, 
conjecturing, estimating, and refining conclusions under the guidance 
(if their teacher. Students should make free use of calculators, espe- 
cially graphing calculators that include easy-to-u.se, built-in software 
(or curve fitting, enumeration, and ek mentary probability calculations. 
Computers can be used to handle large data sets effectively. Such 
technology is not for us j just as an aid to computation but also lor 
creative investigation. ^ , / 
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Students will participate -n problem-solving activities through 
group and individual investigations so that they can 

• understand the relationships between theoretical and experimen- 

tal probability and between probability and odds; 

• use experime tal or theoretical probability to represent and solve 

problems involving uncertainty, using technology whenever 
appropriate; 

- use simulations to estimate probabilities from real-world situ - 

tions, using technology whenever appropriate; 

• understand the concept of random variable; 

• create and interpret discrete probability distributions, using 

technology whenever appropriate; 
■> construct and draw inferences from charts, tables, and graphs that 

summarize data from real-worid situations, using technology 

whenever appropriate; 
^ use curve fitting to pa'dict from data, using technology whenever 

appropriate; 

• describe in general terms the normal curve and use its properties 

to answer questions about sets of data that are assumed to be 
normally distributed; 

- understand and apply measures of central tendency, variability, 

and correlation and apply the effects of data transformations on 
measures of central tendency and var ibilily, using technology 
whenever appropriate; 

• design a statistical experiment to study a problem, conduct the 

experiment, and interpret and communicate the results, using 
technology whenever appropriate; 

and so that, in addition, students intending to take advanced mathemat- 
ics can 

apply the concept of random variable to generate and interpret 
probability distributions including binomial, uniform, normal, 
and chi square; 

transform data to aid in interpretation and prediction, using 
technology whenever appropriate; and 

- test hypotheses statistically, using technology whenever 

appropriate. 
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Activity: 
MONTY'S DILEMMA 

On a popular TV game show, contestanus are given a chance 
to choose a valuable prize behind one of three closed doors. 
Two of the doors hide gag prizes. Contestants choose a door, 
which remains closed while the host opens one of the two 
doors and reveals a gag prize. The contestants are then given the 
option of sticking with their original choice or switching to the 
other unopened door. 

If you were a contestant, which of the following strategies 
would you adopt: stick with the original choice of doors, or 
switch to the other unopened door? 

1. Students should first be asked to write which strategy they 
would choose and why. 

2. Then, students should be divided into small groups to 
conduct simulation experiments to model the decision process. 
A spinner divided into three equal areas A, B, and C can be used 
to simulate each of the two strategies. Alternatively, students can 
use the random number generator on their graphing calculators. 
Each group should simulate each strategy many times, say 
100-200 times, and record the relative frequency of winning. 
This will help them to better understand the two strategics and 
provide experimental estimates of the theoretical probabilities of 
winning the prize under each one. Suppose the prize is behind 
door A. The spinner reflects the initial choice of doors. 

The stick strategy: 

(a) Suppose that the spinner lands on Door B. The host 
opens door C. You stick to door B. Do you win or lose? 

(b) Suppose that the spinner lands on door C. The host 
opens door B. You stick to door C. Do you win or lose? 

(c) Suppos*' ihat the spinner lands on door A. The host 
shows vou either door B or door ('. You stick with door A. 
Do you win or lose? 

(continued) 
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(continued) 

The switch strategy: 

(a) Suppose that the spinner lands on door B. The host opens 
door C. You switch to the unopened door. Do you win or lose? 

(b) Suppose that the spinner lands on door C. The host opens 
door B. You switch. Do you win or lose? 

(c) Suppose that the spinner lands on door A. The host 
shows you door B or C. You switch. Do you win or lose? 

Students with graphing calculators can use their random 
number generators to generate the numbers 0, 1,2 randomly 
instead of using a spinner with equal areas A, B, C After each 
group conducts many simulations of each strategy, it should 
reformulate its choice of strategics in writing again with sup- 
porting reasons. 

3. The class can then run an interactive computer simulation 
of the game, say 1(K),(KK) limes. (A program known as Monty's 
Dilemma, written in Apple II BASIC is available by sending a 
blank disk and a stamped return envel ope to Dr. Thomas P. Dick, 
Mathematics Department, Oregon Sta e University, Corvallis, 
Oregon 97331.) 

4. More advanced students should then conduct a careful 
analysis of theoretical probabilities associated with each strategy 
by constructing tree diagrams. For the stick strategy, the tree 
diagram is: 



Door B is left 
1/2 



Door A 
1/6 



A , 



Door C is left 
1/2 



Door A 
1/6 



Original 
choice 



B 



Door A is loll 



DoorB 
1/3 



1/3 



DoorC 
1/3 



Dooi A is led 



(continued) 
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(continued) 

After constructing the tree diagrams, the class should pre- 
pare a table that compares the chances of winning under each 
strategy. 

5. Finally, as an extension to the problem, students may 
consider a third strategy, the flip strategy : flip a coin; stick 
with the original door if it shows Heads; switch if it shows Tails. 

As before, they should first conduct an experimental simu- 
lation of the strategy, then a much larger computer simulation, 
and finally develop the theoretical probabilities using a tree 
diagram. Ail three .strategies .should be compared. 



(Hxccrptcd from Mathematics Teacher, for more information, see the 
April 1991 i.ssue. 

Reprinted with permission from Shaughnessy and Dicic, Mathematics 
Teacher. 1991, pp. 252-.56) 
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The selection of instructional nnaterials must be consistent with 
the goals, objectives, and guidelines of this Mathematics Framework 
(See Chapters 1-3). Depending upon the quantity of materials available 
for review, the South Carolina Department of Education should ap- 
point from one to three committees to review 
and select programs for approval at the state level. For example, the 
state might appoint one committee for textbooks, another for computer 
software, and others for the remaining categories of materials. In 1992, 
the state of South Carolina enacted legislation to broaden the definition 
of instructional materials to any resource that assists in the instruc- 
tional process, including but not limited to textbooks. Materials for 
mathematics instruction include 

• textbooks and ancillary materials, 

• other printed materials, 

• manipulative materials, 

• computer software, 

• video materials (tape and video disks), 

• distance education programs, 

• teacher training programs, 

. programs that may result from new technologies, and 

• student assessment materials. 

Local school districts should appoint their own committees to make 
selections from the state-approved list. The purpose of the state list is 
to ensure that ma' rials purchased with state funds are of the highest 
quality as defined by this framework. Lxxial districts, however, should 
have the option to justify and select other materials purchased with 
state funds in lieu of the materials on the state list. 

instructional Materials Criteria 

Instructional materials provide a foundation for a mathematics 
program, since they determine to a great extent the mathematics that 
students encounter. They infiuence what and how teachers teach and 
what and how students learn. Good materials can significantly improve 
students' attitudes toward and achievement in mathematics. The 
instructional materials criteria must be consistent with the goals and 
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curriculum described in this framework. They should also be consis- 
tent with the goals of the NCTM Curriculum and Evaluation Stan- 
dards for School Mathematics. 

The South Carolina Department of Education and local school 
districts should develop evaluation processes to be used to select 
materials. Criteria used in developing the processes should include 
the following categories: » , 



Mathematical Content 

The mathematical content of the program should reflect the 
Strands outlined in this framework as well as the NCTM Curriculum 
and Evaluation Standards for School Mathematics. The cuiriculum 
should take into account the major goals of improving students' 
abilities to solve problems, to reason mathematically, and to communi- 
cate with mathematics. It should be comp chensive in addressing the 
elements of the core curriculum at approp Kate instructional levels. It 
should provide for the natural and logical development of mathemati- 
cal topics across grades. It should make connections among topics 
within the discipline of mathematics and between mathematics and the 
real world. 

' Problem solving is built into the program at all levels through 
problem situations that arc sufficiently simple to be manage- 
able but sufficiently complex to provide a challenge. The 
problem situations should be adaptable to individual, small- 
group, or large-group instructional settings. 

' Mathematics as communication is an important part of the 
program. Students should have many opportunities to 
communicate mathematical language and ideas. They should 
have opportunities to explain, conjecture, and defend their 
ideas orally and in writing. 

• Mathematics as reasoning is built into the program at all levels. 
Students should have opportunities to explain and justify 



• Mathematical Content, 

• Organization and Structure, 

• Student Experiences, 

• Teaching Strategies, and 

• Assessment. 
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their thinking in keeping with their maturity level. At the high 
school level students should be asked to use formal methods 
of proof where appropriate. 

• Mathematical connections are made throughout the program 
through instructional activities that interrelate concepts, proce- 
dures, and intellectual processes. Connections are made within 
the discipline of mathematics and between mathematics and the 
real world. 

» The program is comprehensive and addresses standards in the 
curriculum identified in this Framework at each level: K-3, 3-6, 
6-9, and 9-12. The presentation should be appropriate for the 
grade level Tor which it is intended. 

Organization and Structure of the Core Curriculum 

The program must be appropriate for all students and should be 
organized into cohesive units, multiday investigations, and worthwhile 
tasks. The purpose of the activities should be clearly defined. The 
units, investigations, and tisks must be of sufficient breadth and depth 
for students to develop ever increasing levels of understandings of 
mathematical concepts. They should give students opportunities to 
apply the mathematics they know to the discovery or investigation of 
new ideas in mathematics. The activities should include the appropri- 
ate use of technology. 

• Units are organized around major mathematical ideas and are 

of sufficient duration for students to develop a broad under- 
standing of mathematics. 

Many lessons are more than one day in length with more than 
one mathematics objective. 

* Students work on worthwhile tasks which invite them to experi- 

ment with a variety of strategics and results 

' The programs incorporate the use of calculators and comput- 
ers as tools for students to solve problems. The program 
should be designed with the expectations that calculators 
are available to students and that students have access to 
computers. 
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• Differentiation for students studying advanced mathematics can 

be made in terms of breadth and depth of treatment and the 
nature of applications. 

Student Experiences 

The program should emphasize active learning on the part of 
students. It should consistently include activities that call for the 
investigation and exploration of ideas, problem solving, conjecturing, 
aid verification of results. It should include "friendly" activities 
showing students that problem-solving includes making false starts, 
evaluating solutions, and starting over again if necessary. It should 
encourage students to explore concepts at concrete, semi-concrete, and 
abstract levels in all grades. 

• Materials encourage students to explore and conjecture in a risk- 

free environment, even allowing them to make and find errors. 

• Materials engage students in mathematical discourse as they 

participate in concrete, semi-concrete, and abstract activities. 

• Materials allow students to use manipulative materials U) 

model mathematical situations and to use technology to ana- 
lyze data calculate numerical results, and solve problems. 

• Materials encourage students to determine whether an exact 

answer or an approximate answer is appropriate for solving a 
problem. They are also expected to choose the appropriate 
computational procedure, whether paper-and-pencil, mental 
calculation, .^^r calculator. 

Teaching Strategies 

The program should provide appropriate support for teachers as 
they implement the teaching methods recommended in this frame- 
work. It should include strategies for the active involvement of stu- 
dents in their own learning. It should include ideas on how teachers 
can leach the content in a variety of grouping patterns within the 
classroom. It should include suggestions on the appropriate use of 
calculators, computers, and other ti^chnology to enhance instruction. 



• The materials provide suggestions that assist teachers to help 
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students meet the major goals of learning to value mathematics, 
becoming conlident in their own ability to learn mathematics, 
becoming mathematical problem-solvers, learning to communi- 
cate mathematically, and learning to reason mathematically. 

- The materials assist teachers in meeting the instructional needs 
of all students. 

' The materials provide suggestions for teachers on how to use 
time, physical space, and manipulative materials in ways to 
facilitate learning and how to teach students to work in 
groups. 

' The materials provide suggestions on methods of observing 
and listening to students and on alternative methods of assess- 
ing student progress. 

The materials provide suggestions for how parents can be 
involved in the program. 

Student Assessment 

The student assessment materials in the program provide teachers 
with information about what students know and how ihey feel about 
math. The assessment must be aligned with the standards set forth in 
this framework. It should include multiple means of assessment inte- 
grated across the curriculum. Assessment tasks should be broad in 
scope and evaluate the extent to which students have internaliA;d 
concepts and can apply them to new situations. Assessment activities 
should make appropriate use of i. chnology. 

» Asscs.sment is integrated into the curriculum. Assessment 
activities are similar to learning activities and help teachers 
determine the extent to w lich students have made scn.se of 
inlormaiion and whether they can apply it to problem-.solving 
situations. 

Mullipk- means of assessment are used, inclvuiing observations, 
oral and written work, student demonstrations, and group 
learning activities. Tlie use of technology is built into assess- 
ment activities. 
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. All aspects of mathematical knowledge are assessed, including 
conceptual understandings and procedural knowledge. 

Process for the Selection 
of instructional Materials 

The South Carolina Department of Education and local school 
districts should develop appropriate and clearly defined processes for 
the selection of instructional materials. All materials should receive a 
thorough evaluation through both analytical and holistic methods. 
Both methods involve making judgments. In analytic evaluation, the 
evaluator makes judgments about many independent aspects of the 
program; in holistic evaluation, the evaluator makes 'i general judg- 
ment about the entire program. The evaluation processes and any 
evaluation instruments should be developed by groups with expertise 
in mathematics education and with knowledge of the NCTM Curricu- 
lum and Evaluation Standards for School Mathematics and this frame- 
work. Appropriate and adequate training sessions on the implementa- 
tion of the process must be provided for committee members who 
evaluate the instructional materials. 

Establishing Review and Selection Committees 

At both the state and local levels the review and selection commit- 
tees should consist of professionally active classroom teachers, math- 
ematics specialists, and administrators who are familiar with this 
Framework and the NCTM Curriculum and Evaluation Standards for 
School Mathematics. Tea ;hers should be chosen from regular class- 
room teachers, teachers (S gifted students, and teachers of students 
with special needs. Committees .should also include a parent and a 
representative from the business community. While it is critical that 
committee members have expertise in mathematics, the committee 
itself should be balanced in terms of gender, grade-level representa- 
tion, geographic location, and racial, ethnic, iind socioeconomic 
backgrounds. 

Training lor the Committees 

At both the slate and district levels staff development shiiuld be 
provided early for committee members. During the staff development 
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process committee members should receive a thorough review of 
South Carolina ethics legislation and the implications of that legisla- 
tion on the work of the committee. Staff development should include a 
discussion of issues in mathematics education, the goals and learning 
standards of the programs for which the material is being selected, 
curricular and evaluation practices, selection criteria, and use of the 
evaluation process. Reliability and consistency in the selection pro- 
cess can be promoted in the following ways: 

, Choose professionally active teachers and coordinators as com- 
mittee members. 

. Establish a common base of agreement on what constitutes a 
quality mathematics program. 

. Select committee members with specific areas of expertise. 

* Train committee members in the use of the evaluation in.strument. 

, Provide adequate time for members to review materials. 

. Provide adequate time for members to share findings and ratings. 

. Encourage members to justify ratings orally and in writing and to 
include examples to support their evaluation. 

Identifying, Reviewing, and Evaluating Materials 

The South Carolina Department of Education and local districl.s 
should seek out a wide variety of instructional materials, both non- 
profit and commercial, for review and evaluation. Publishers and 
authors of materials should be provided opportunities to present iheir 
materials to the committee, pointing out features that might be over 
looked by the reviewers. Guidelines for the presentations should be 
clearly defined by the South Carolina Department of Education or 
local school districts with each presenter given a proportionate amount 
of time relative to the amount of material presented. Sufficient time for 
the committees to .study materials after the presentations is important. 

Materials selected at the di.strict or .school level should go through 
a thorough review process. Teachers and parents should be involved in 
the selection of all in.structional materials. 
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Committee meetings should be collaborative, with each member 
contributing to the process. Materials should be evaluated within grade 
levels and across ^rade levels. Different programs should be evaluated 
by the "i,hared comparison" method in which similar parts are laid out 
side-by-side to sec how they compare. After individuals have shared 
their findings and opinions, the committee should reach consensus on 
recommendations. 

Public Input and Challenging Process 

Teachers who are not on the committees, parents, and the general 
public should be informed that a .selection process is taking place and 
should be given an opportunity to review the materials being consid- 
ered for selection. Materials should be placed in a central location at 
the South Carolina Department of Education, the local school district 
office, or a local school for this purpose. Individuals should, upon 
request, have an opportunity to provide input to the committee. In 
accord with state regulations, the South Carolina Department of 
Education or local school district should develop guidelines for non- 
committee members to make presentations to the committee. They 
should also develop a routine procedure to handle complaints about 
recommended materials after the final selections have been made. 

Materials Selection 

After committee members have thoroughly reviewed and evaluated 
the materials and ratings of the materials have been made by the 
committee, selections should be made for the materials to be placed on 
the state or local school district list for adoption. If it is determined that 
no male als in a particular category meet state or local guidelines, the 
committee should recommend that purchase of materials in that cat- 
egory be delayed. 

The instructional materials recommended by the committees 
should be adopted unless irregularities in the .selection process ire 
documented. Cost of materials should not be the only factor, since 
financial savings alone do not justify the selection of less desirable 
materials. 

(Note: the 2/24/92 draft document GuideUnes for Selectin}^ In- 
sti iHtinnal Materials for Mathematics by the Association of State 
Supervisors of Mathematics and the National Council of Supervisors 
of Mathematics is the source for many of the ideas in this chapter.) 
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Principles and Goals 
for Mathematics Assessment 

The successful reform of mathematics education in South Carolina 
requires not only that expectations curriculum, and teaching be revi- 
talized, but also that an assessment process documenting the i-esulLs be 
redefined. The purpose of assessment is straightforward: to provide 
information to a variety of constituents in order that they may make 
informed decisions. For example, assessment may be designed for 
instructional decision-making or it may designed for ac )untability. 
Assessment information must be provided to 

• students, who need to make decisions about their learning of 

mathematics; 

• teachers, who must make careful decisions about how they can 

best help students develop their mathematical abilities; 

• parents, who need to participate in and support decisions 

regarding their children's mathematics program; 

• school administrators, who must make decisions concerning the 

effectiveness of the mathematics programs in their scb lols; 

• school boards, whose decisions set policies that direct positive 

change in their local schools; 

• public policy makers, who must make decisions about the best 

use of resources to develop and maintain mathematics pro- 
grams of the highest quality; and 

• the public, which makes decisions about the effeciivcness of 

their mathematics education systems and the pi iple who are 
responsible for those systems. 

Assessment Principles 

Since each of the above groups needs information from asscsstnent 
to make its own special kinds of decisions, assessment must be based 
upon a set of guiding principles that provide a coherent rationale at all 
levels. This framework embraces three guiding principles, abridged 
from tho.sc adopted by the National Summit on Mathematics Assess- 
ment (For Good Measure, 1 '>'' 1 ). 

• Assessment must improve learning and teaching. Whether 
with classroom assessment or external assessment, the results of 
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assessment must inform and enhance the process of learning and 
teaching rather than narrow or restrict it. 

• Assessment must promote the development of the talents of 
all students. The impact of assessment on any group of students must 
be determined before implementing a new assessment program, par- 
ticularly if the assessment program will have high stakes for individu- 
als or groups. To be fair to all, assessment must be sensitive to i^ul- 
tural, racial, and gender differences. There must be multiple ways to 
demonstrate mathematics achievement; no decision on a student's 
opportunity to learn mathematics or a student's placement in math- 
ematics should be based on a single assessment. 

The content of assessment must be derived from the consen- 
sus of the discipline. Mathematics assessment must reflect the best 
judgment of the professional community of mathematics educators and 
mathematicians. The quality of assessment is defined by how well it 
measures the mathematical knowledge, ski. Is, and processes defined 
by this framework. 

Assessment Goal 

This framework sets forth the following goal for the reform and 
rcvitali7.ation of mathematics assessment in South Carolina. 

South Carolina will institute a new, improved assessment 
system that will exert a positive influence on mathematics 
education. 

A requirement for any realistic attainment of this assessment goal is 
that South Carolina eliminate the inappropriate use of test results for 
decisions regarding fund allocation, school deregulation, and teacher 
and school incentive programs. Furthermore, test results shoui ' never 
be the sole criterion for making student placement decisions. 
Four objectives that support the above goal arc as follows: 

( 1 ) All assessments will be aligned with the mathematical 
knowledge, skills, and processes expected of all students in South 
Carolina. When assessment is closely aligned with the curriculum, 
meaningful inferences can be made, and the curriculum itself becomes 
the standard against which an assessment is made. 

(2) Assessment practices will promote the development of 
mathematical |>ower for all students in South Carolina. Good 
assessment must provide information about what students know 
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and can do in using mathematics in meaningful ways. It should also 
provide information about students' self-confidence in mathematics, 
disposition for mathematics, and ability to communicate using 
mathematics. 

(3) A variety of effective assessment methods will be used to 
evaluate learning standards of mathematics education in South 
Carolina. The methods should be substantially performance -based 
and criterion- referenced. They should encourage and allow thi unre- 
stricted use of the normal tools of mathematics teaching and learning - 
calculators, geometric models, measuring devices, and other manipula- 
tive materials. The development of these methods must involve teach- 
ers, mathematics educators, mathematics assessment specialists, and 
professional test developers. 

(4) South Carolina's citizens will be bettc informed about 
mathematics assessment, assessment practices, and the uses of 
assessment To use assessment information wisely, all constituents of 
mathematics education within South Carolina must understand the 
various purposes of assessment and their meani- gs. They must under- 
stand that 

' different information needs may require different assessments 
and that one assessment cannot serve all needs; 

' multiple sources of information lead to better informed 
decisions (i.e., standardized tests, coniinuous assessment 
systems, teacher judgement); 

• traditional tests of achievement are only incomplete measures 

of overall knowledge and capabilities; and 

• potential unfairness to an individual or a specific group of 

people can result if decisions are based on assessment of 
performance without assessment of equity of opportunity 
to learn. 
(For Good Measure, 1991. p, 16) 

Classroom Assessment AitcnK:)i;v. 
To be genuinely meaningful, assessments must measure what wo 
want students to know and be able to do. They must gauge actual 
student performance in doing mathematics (performance-hased assess 
ment). Students must do mathematics individually and in groups 
reasoning, communicating, and solving problems in realistic ' ituations 
(authentic assessment). 
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When the performances and products of students' work arc exam- 
ined in detail, they provide a wealth of information about strengths and 
weaknesses that simple test scores can never reveal. Such information 
is precisely what teachers want in order to make the best decisions to 
help students learn; it can substantially enhance the teaching and learn- 
ing process. And it is precisely what others need in order to make care- 
ful, informed judgments about the system of mathematics education. 

While multiple-choice tests can be used effectively in some situa- 
tions, an assessment task like the following one tests higher order 
thinking skills as well as computational skills. It provides opportunities 
for making and defending conjectures, for communicating with math- 
ematics, and for connecting mathematics with other disciplines, social 
studies in this instance. 



THE BUDGET DEBATE 

The Facts: In 1980 the education budget of a certain commun- 
ity was $30 million out of a total budget of $500 million. In 
lys 1 the education budget of the same community was $35 
million out of a to'al budget of $605 million. The inflation rate 
for that one year period w,is 107r. 

The Tasks: 1 . Use the facts to discuss that the education budget 

increased from 1980 to 1981. 
2. Use the facts to discuss that the education budget 
declined from 1980 to 1981. 

(Adapted and reprinted with iicrmission from For Good Measure, 
1991. p. 7) 



There h.is been an explosion of new thinking about assessment in 
malhomalics learning over the last decade, and it is certainly beyond 
the St. spe of this framework to summari/.e it. In addition to such 
national documents as Every body Counts, the NCTM Curriculum and 
Evdl nation Standards for School Mathematics, Measuring Up, and For 
Go(h ' Measure, the following are excellent resources on new and 
allernative forms of assessment in muthematics, each one containing 
important references 

* Edui u. tonal Leadership 46 (April 1989), an i.ssue devoted to 
assessment. 
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' Jean Kerr Slcnmark, editor. Mathematics Assessment: Myths, 
Models, Good Questions, and Practical Suggestions. Reslon, 
VA: National Council of Teachers of Mathematics, 1991. 

* Educational Leadership 49 (May 1992), an issue devoted entirely 

to performance-based assessment. 

• Norman L. Webb and Arthur F. Coxford, editors. Assessment in 

the Mathematics Classroom, 1993 Yearbook. Reston, VA: 
National Council of Teachers of Mathematics, 1993. 

A variety of assessment methods are gaining wide acceptance for 
their ability to help analyze student performance in mathematics. 
Though each method has its own unique features, these methods all 
work together in a complementary manner to provide different views 
of students' abilities and skills: 

" student work and responses to open-ended questions, 
problems, and tasks: Open-ended questions, problems, and 
tasks have mure than a single successful response, 
projects and investigations: Projects and investigations arc 
more than short tasks and involve longer and perhaps ongoing 
work, often extending beyond the conclusion of a unit of 
instruction. 

" mathematics portfolios: Portfolios are a showcase of student 
work, where a variety of projects, writings, assignments, and 
pieces can be collected. Progress in mathematics and toward 
understanding mathematics can he seen comprehensively and 
over time. 

writing in mathematics: Writings can be in the form of re- 
sponses to teacher prompts, such as, "describe how you went 
about solving the problem ... ," or "how would you explain to 
your friend that ... ," or in the form of student logs maintained 
over a period of time. 
' demonstrations, discussions, and presentatioas: Students 
give explanations, using appropriate models, manipulative 
materials, or technology. 

observations, interviews, and conferences. A teachr observes 
and interviews students at work on individual or group projects 
and holds conferences about the results with students and 
(ither teachers. 

As South Carolina reforms its current standardi/x:d testing pro- 
gram, better assessments must be designed and implemented at dis- 
trict, school, and classroom levels. 
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There is a strong national movement for the revision of all math- 
ematics assessments. As a part of that movement the South Carolina 
Governor's Task Force for Educational Accountability undertook a 
comprehensive 18-month review and examination of South Carolina's 
current testing programs as well as the national testing and assessment 
movement. In November 1991, it is.sued 16 recommendations for 
testing and as.sessnient in South Carolina at the public policy level. In 
(ktoher 199 1 , the report of the South Carolina Department of 
Education's Excellence Team for Testing and Performance Assess- 
ment also made specific recommendations with regard to testing and 
as.sessment in South Carolina. 

The recommendations in both reports clearly delineate a dual 
purpose assessment system whose primary purpose is improvement in 
student learning and which differentiates between testing for account- 
ability and for instructional support. They call for the system to be 
substantially performance-based ".'ith expectations that move well 
beyond basic skills and incorporate process and thinking skills. As- 
sessment for instructional purposes should be a classroom, school, 
and district responsibility. The .state's role would be one of providing 
as.sistance, as necessary, to develop local a.sscssment instrumenus in 
terms of resources, examples, pri ccsscs or ideas; ensuring that local 
expectations are consistent with state and national standards; and 
determining that standards are being met. 

Assessment for accountability should have a two-pronged 
approach; 

* a nonn-rcfet f'nced test, to provide a comparison of our students' 
performances to tho.se ol students in other states and nations, 
and 

a criterion-referenced performance assessment, to determine 
how well our students are performing against agreed-upon 
standards. 

in the remainder of this section, the best ideas from the.se two 
reports have been combined into .several .specific recommendations. 

Relative lo a norm-referenced test, this framework recommends 
iho following: 

( 1 ) South Carolina .should u.se the best available such test 
chosen by a panel of expert reviewers. 
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(2) The test should be given in two grade levels, but not 
before grade 4. 

(3) Random matrix sampling by school and by mathematics 
content strands should be used. There are advantages of sampling 
when assessing students 

(a) If the sampling is representative of gender, race, socio- 
economic status, ethnic background, and geographic location, 
it will provide aggregate scores that are as reliable and valid 
as the aggregate scores obtained through census sampling. 

(b) Sampling, including matrix sampling, reduces the amount 
of time needed for testing. With sampling, only a subset of the 
population of interest is assessed; with matrix sampling, only a 
subset of the test items is used. When the amount of time spent 
on testing is reduced, schools have more lime for instruction. 

(c) Costs associated with testing are also reduced with .sam- 
pling procedures. These co.sts include test booklets, test ad- 
mini.stration materials, scoring and reporting costs, and wages 
for test administrators and monitors. 

With proper design, such sampling is extremely cost effective 
and will enable a highly reliable inference to be made about how 
South Carolina students compare to students from other regions of 
the country. 

(4) Results should be analyzed to provide a state aggregate 
only. To report norm-referenced results to smaller entities (districts 
or schools) distorts the limited significance of the results and only 
.serves to sharpen the focus on testing in^ ^ead of learning. 

Relative to criterion-referenced performance as.sessmenLs, this 
framework recommends the following: 

( 1 ) A.s.se.ssmenl should take place at the hepnning of the school 
year in grades 4 and 8. The.sc are the most appropriate places to 
assess educational .sy.stem effectiveness. Assessment at the begin- 
ning of the year will provide an accurate profile of the retained 
learning that has occurred through grades ?> and 7. 
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(2) Every student in grades 4 and 8 will participate in the 
assessment. A report on each individual student's performance on 
the assessment will be sent to the student's parents or guardians by 
the school district. 

(3) The assessment instruments should be provided by the 
state, designed by a task force of teachers of mathematics and test 
developers from across the state. They should be rich in mathemat- 
ics content, performance-based, and should use realistic 
situations as much as possible. 

(4) All assessments should encourage and allow free access to, 
and unrestricted use of, the normal tools of mathematics teaching 
and learning - calculators, geometric models, measuring devices, 
and other manipulative materials. 

(5) Grading of the assessments should be by a task force of 
mathematics "readers," much as the national advanced placement 
calculus examinations are graded. Carefully designed scoring 
rubrics should be used. 

(6) Result s of the assessments should be reported to provide an 
overall state profile only. Results should be reported to each school 
and each school district to improve teaching and learning. 

(7) Instructional and as.se.ssmcnt support documents .should be 
available. 

Our final recommendations concern the exit examination in math- 
ematics, which a student must successfully complete before earning a 
high school diploma. The current exam should be replaced with an 
examination that reflects the expectations of the new curriculum out- 
lined in this framework (Chapter 3), beginning with the inclusion of 
open-ended problems and allowing the u.se of the normal tools of 
mathematics. Students may elect to take the examination as early as 
grade 10. The examination should be incrementally improved every 
two years so that it accurately as.sesscs the mathematical literacy 
expected of all students. The examination and its incremental improve- 
ments should be designed and constructed by a task force of South 
Carolina's most knowledgeable teachers of mathematics, test develop- 
ers, and business members. Sample copies of model exit examinations 
should be widely circulated so that students will be well informed of 
the expectations. 
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A Call for Restructuring 

A review ol" the mathematics training of pre-service and in-service 
teachers clearly indicates a need to restructure their education. 

... in.^tmciioiial nicilsods thai arc widolv used in uiulcrgraduali.' 
proeraiiis I'ostor a imuLi of teach) ng • blaekbiiufd locliires, leiiipiaie 
exercises, isolated s'.iiily. nainivv lests llial is (iiuippn^priaie) lur 
elementary and secondary school teacheis (Mov'di,:, Bcxond M\ihs. 
1991. p. 2S). 

Furthermore, continuing education courses for teachers of mathematics 
frequently fail to meet their professional needs, both in mathematics 
content and in pedagogy. And all too often other avenues of profes- 
sional development are not integrated into a comprehensive program 
that has unity, purpose, and utility. 

Students at all levels are currently taught mathematics primarily 
through the lecture method. This instructional strategy has probably 
dominate^ the educational experience of prospective teachers through- 
out their years in school. It is not an exaggeration to suggest that by 
the time they graduate, they have spent approximately 17,()0() hours 
listening to lectures. It is not surprising, then, that the iiistructional 
style adopted by most teachers is one dominated by lectures. 

If students "are to view mathematics as a practical, useful subject, 
they must understand that it can be applied to a wide variety of real 
world problems and phenomena" (NCTM Curriculum and Evaluation 
Standards for School Mathematics, 1989, p. 18). Unfortunately, current 
mathematics instruction often fails to do this. Connections between 
topics in mathematics, between mathematics and other disciplines, 
and between mathematics and the real \vorld are not made. 

Technology has had an enormous i mpact on mathematics educa- 
tion. Because of technology, particularly computers and calculators, 
some mathematics is no longer relevant, some has become more 
important, and some that is ob.scure without technology is now acces- 
sible. The pre-.service and continuing education of teachers of math- 
ematics must include courses in which appropriate and effective uses 
of technology are modeled by the instructor. 

Many eariy childhood and elementary pre-.scrvicc and in-service 
teachers express a negative attitude toward mathematics. They did not 
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enjoy their undergraduate mathematics courses and do not believe that 
these courses are relevant to teaching elementary children. 

?■ : It •!» i. l.-!r:.'i:i.iy A w kIuT'. t;ik;» luilv one fourM" in ni:tlliiMii;tiit s. 

• | • iv i::.' ■ !i \-U if.'p-;.t! i' 'tnO icavinj.' i' 'a illi a-het Siivii v vri; , i 

-. I • ! 11, > J \ i..u .'IS iMiall'v ijn|>tep;ire(t to in-^pi^ 
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A further problem is that early childhood and elementary teachers 
are often criticized for having an insufficient background in mathemat- 
ics content. Most of these teachers were required in their pre-service 
programs to take 6-9 semester hours of mathematics content and 3 
semester hours of methods. However, some teachers may have had as 
little as one 3-semester-hour course. Furthermore, few graduate-level 
courses in mathematics content are available to early childhood or 
elementary teachers. 

vSouth Carolina does not currently require, n ,f does it offer, a 
spcciali/.cd middle school mathematics certification. Some of the 
mathematics teachers at the middle school level are certified at the 
elementary level while others are certified at the secondary level. 

Middle school mathematics teachers must have a depth and 
breadth of understanding in mathematics considerably beyond that 
required at the elementary school level. They need to be able to make 
mathematics alive and exciting, to present a broad, integrated view of 
mathematics, and to effect the transition from elementary school 
mathematics to high school mathematics. Furthermore, they must 
understand the unique characteristics of the middle school student. 
Neither elementary nor secondary teacher education programs meet 
these special needs. 

While .sccondar teachers are generally well prepared in math- 
ematical content (at lea.st 24 semester hours), the impact of "17,(XK) 
hours of lecture" is evidenced with them as well. The instructional 
strategy of choice of most secondary teachers, as with elementary, is 
the lecture method. Teachers need to design lessons in which their 
students have opportunities to construct knowledge, work with peers, 
or take advantage of appropriate technology. Furthermore, as with 
elementary teachers, .secondary teachers' knowledge of applications of 
mathematics needs to be strengthened and broadened. 

Besides undergraduate and graduate level coursework, the continu- 
ing education of teachers of mathematics takes place through school 
district in-.scrvice programs, workshops, seminars, professional confer- 
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ences, reading journals and books, and a host of formal and informal 
gatherings or conversations. Many of these opportunities are limited to 
a single session without adequate follow-up support. The opportunity 
to reflect with the aid of the mentor on progress made during and after 
implementation is often missing. Consequently, even promising ideas 
may be forgotten or abandoned after initial attempts at implementa- 
tion. A further problem is that teachers often have little input into the 
topics chosen for professional development 

Finally, teachers rarely have the time necessary to plan, to discuss 
teaching practices and activities with one another, to form discussion 
and study groups to explore new ideas, to meet with support groups 
when trying out a new technique or methodology, to collaborate, to 
share ideas, and to solve problems. Teaching should not be a profes- 
sion where people are expected to perform miracles in isolation. 

A Pian of Action 

In order for such large rcale restructuring to occur, every level of 
school mathematics must re-examine its role in the mathematics 
education process. 

Colleges and Universities 

Colleges and universities must examine the extent to which their 
undergraduate and graduate mathematics and mathematics education 
courses place subject matter in a context that is meaningful to teachers 
and the extent to which their courses model the variety of teaching 
practices and assessment strategies outlined in this framework. For 
example, a course for elementary teachers on probability and statistics 
would be useful if taught in a manner that is linked to elementary 
school instruction and placed in a context meaningful to the elemen- 
tary student; a purely theoretical course would serve little useful 
purpose. 

If teachers are expected to engage students in active learning, 
allowing students to construct their own understandings, they must 
experience this type of learning in their own education. Mathematics 
courses that teachers take at colleges and universities must model the 
instructional techniques, assessment strategies, and technologies that 
they arc expected to use. (See Chapter 2.) Such course's should not be 
dominated by the lecture method of instruction. 



120 



Professional Development of Teachers of f^athematics 



i ! iM-ii,";.' 1 1 Ml titi-; i .in tiMfh tiunhi'inalirs stitrcsslully by Uvitiics. 
. !i. iiiM.-:! aIui musi iiialliomalicians know to W iiniiiii' 

ii;,i!h;-n,tln s I -111 iH; Kmiiu'iI b\ w.itv luili! soiik'iHic clsi.' do U i.:oni,'ul\ 
fA/,f h,' lirxond \f\Hn-. I'J'M.p, 24V 

Furthermore, these courses must address the applications of math- 
ematics so that teachers are able to make mathematics meaningful to 
their students. 
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In addition, colleges and universities must promote school/college 
collaboration in the development of courses to meet the continuing 
education needs of in-service teachers. Their departments of math- 
ematics and education must collaborate to provide the simultaneous 
study of mathematics and mathematics pedagogy. Colleges and uni- 
versities must also examine the extent to which they provide "multiple 
perspectives on ... the influence of students' linguistic, ethnic, racial, 
and socioeconomic backgrounds and gender on learning mathematics" 
(NCTM Professional Standards for Teaching Mathematics, 1991, p. 144). 
Finally, colleges and universities must examine the extent to which 
they encourage participation in professional organizations by students 
and professors alike. 

The South Carolina State Board of Education 

The South Carolina State Board of Education must restructure its 
certification standards to include three different certifications: early 
childhood (K-4 or K-3), middle school (5-8 or 4-8), and secondary 
school (9-12). 

The NCTM Professional Standards for Teaching Mathematics 
(1991, p. 136) recommends that the following topics be included in 
courscwork for elementary teachers: number systems and number 
sense; geometry; mea.surement; probability and statistics; functions 
and use of variables. 
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The Malhemalical Association of America's Committee on the 
Mathematical Education of Teachers also recommends a minimum of 
nine semester-hours in content mathematics for elementary school 
teachers (Leitzei, 1991, p. 11). South Carolina elementary level teachers 
should be required to take at least 12 semester hours of courses that 
integrate mathematics methods and content in a sequence designed 
especially for them. These courses should build confidence in teach- 
ers' mathematical ability, foster a disposition to do mathematics, and 
offer the appropriate content. 

Middle school certification must require, in addition, the study of 
content, applications, and instructional methods in geometry and 
measurement, probability and statistics, and number theory and pat- 
terns (similar to the content preparation of elementary mathematics 
specialists). Furthermore, it must include the study of the unique 
characteristics and needs of the middle school student. A minimum of 
18 semester hours of coursework integrating mathematics methods 
and content must be required for South Carolina middle school certifi- 
cation "These mathematics courses assume as a prerequisite four 
years of mathematics for college-intending students or an equivalent 
preparation" (NCTM Professional Standards for Teaching Mathematics, 
1991, p. 139). This recommendation is supported by the Mathematical 
Association of America's Committee on Mathematical Education of 
Teachers, which recommends at least 15 semester-hours of content 
mathematics for middle school teachers (Leilzel, 1991, p, 17). 

Elementary and middle school teachers need to be supported in 
their schools by a mathematics specialist. ITie mathematics specialist 
should be a school-based professional whose full-time or part-time 
responsibility is serving as a resource to other teachers in the school. 

South Carolina mathematics teachers in grades 9-12 must have the 
equivalent of a major in mathematics. NCTM Professional Standards 
for Teaching Mathematics (1991. pp. 1.38-139) recommends .study in the 
following areas of mathematics: number sy.stems; number theory; 
abstract algebra and linear algebra; geometry; statistics and probabil- 
ity; calculus and analysis; discrete mathematics. Experiences showing 
applications of mathematics to other disciplines and the real world are 
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vital. An emphasis on problem solving and the history of mathematics 
is essential in all courses. Furthermore, the departments of mathemat- 
ics and education must collaborate to provide the simultaneous study 
of mathematics and mathematics pedagogy. Four years of mathematics 
for college-intending students or an equivalent preparation is a prereq- 
uisite for all coursework for teachers at this level (NCTM Professional 
Standards for Teaching Mathematics, 1991, p. 139). 

School Districts 

School districts must improve their programs for in-service educa- 
tion and professional development. To help do this, they should main- 
tain a position for a mathematics supervisor or coordinator. In-service 
education programs should cov r topics suggested by teachers and be 
planned so that the topics are revisited over a period of time. Re- 
sources such as equipment, printed materials, and consultants must 
support the planned activities. It is especially important that school 
districts provide extensive in-service education on this framework. 

Professional development programs should support the concept of 
the developmental nature of teaching; that is, a teacher is constantly in 
the process of "becoming a teacher." Beginning teachers need the 
opportunity to learn from more experienced teachers during the first 
year of their careers through mentoring programs, induction year 
programs, or support groups of peers. 

Professional development programs require that school district 
administrators commit the necessary resources, equipment, time, and 
funding to ensure successful implementation as well as participate in 
these programs themselves. For example, because of the use of tech- 
nology in the workplace and its availability as a resource in mathemat- 
ics teaching and learning, professional development programs must 
provide teachers with appropriate equipment and the training to use it 
effectively in the classroom. As a part of professional development, 
principals should provide release time for teachers to form coUegial 
links with other faculty and to participate in professional meetings. 

Professionai Deveiopment Programs 

Professional development programs for teachers of mathematics 
should be integrated, comprehensive experiences having unity, pur- 
pose, and utility. Single-session workshops, seminars, or presentations 
can be used to gather information from teachers or to disseminate 
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general information to teachers (for example, about new legislation, a 
new framework, or planning for the future). But such isolated sessions 
are not appropriate for the development of new ideas or for their 
application aiid transfer to the classroom; they sh ild not be the main 
focus of a comprehensive professional development program. 

Professional development programs of high quality for teachers of 
mathematics should have characteristics like the following 

Experiences in the program arc based on identified teacher, 
school, or district needs. 

• Teachers arc an integral part of the planning process for the 

program. 

• The program is consistent with this framework, with current 

national documents such as the NCTM Standards, and with 
current exemplary practices in mathematics education. 

• Mathematics content and pedagogy arc integrated in the exper- 

iences of the program. 

• Instructional materials are provided. 

' The program uses good quality presenters whose knowledge 
and experience inspire, involve, and instruct teachers. The 
most effective teachers of teachers can be other teachers. 

- The program is intensive; it provides long-term, in-depth, 
sustained activities that include a variety of strategies to help 
teachers apply what they are learning. 

• The program focu cs on one or two key topics over a period 

of weeks or months and includes an academic year follow- 
through. 

■ Teachers must have opportunities to collaborate, to network, 
to discuss issues, to share ideas, and to solve problems as they 
learn and follow through with the program. 
Instruction in the program must be modeled; that is, teachers 
must have experiences doing what they will ask their students 
to do. 

' Teachers should have opportunities to observe new practices 
in action; for example, throi'gh visitation, demonstration 
lessons, or videotaped lessons. 
Administrative support of the proj'ram is essential before, 
during, and after. 

• Teachers should understand that in malliemalies eitueation 

there is no one right answer or no one best way - that the best 
practices are constantly emerging from real classrooms. 
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Teachers 

'Teachers of mathematics should take an active role in their own 
professional development by accepting responsibility for 

• experimenting thoughtfully with alternative appri.)aches and 

strategies in the classroom; 

• reflecting on learning and teaching individi illy and with col - 

leagues; 

' participating in workshops, courses, [professional meetings and 
conferences], and other educational opportunities specific to 
mathematics; 

• participating actively in the professional community of math- 

ematics educators; 

• reading and discussing ideas presented in professional publica- 

tions; 

• discussing with colleagues issues in mathematics and math- 

ematics teaching and learning; 

• participating in proposing, designing, and evaluating programs 

for professional development specific to mathematics; and 

• participating in ..chool, community, and political efforts to effect 

positive change in mathematics education. 



Schools and school districts must support and encouraj"^ teachers in 
accepting these responsibilities." 

(NCTM Professional Standards for Teaching Mathematics, 1991, p. 168) 
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Real change in mathematics education requires action by the 
entire community. Schools themselves are not the sole source of all 
the current problems in mathematics education and cannot be the sole 
source for improvement. The support and goodwill of the broader 
community is critical in creating the proper environment in whicii the 
teaching and learning of mathematics can flourish. Administrators and 
school boards, parents and guardians, business and industry, elected 
officials, and the media all have responsibilities to support change in 
mathematics education and to ensure the success of this Mathematics 
Framework. Significant, lasting improvement is simply not possible 
without their help. 

Administrators and School Boards 

Adminislraiors at all levels as well as school boards have responsi- 
bilities to 

» be knowledgeable of this framework and the NCTM Standards 
documents; 

• support and encourage teachers of mathematics to participate in 
the professional development of their choice and to implement 
peer coaching endeavors; 

' provide instructional leadership by 

- using the expertise of a district-level mathematics supervisor 

or coordinator, 

- creating a climate that allows for innovation and experimen- 

tation, 

collaborating closely with teachers a.s they begin to imple- 
ment this framework and the NCTM Standards docu- 
ments, 

having knowledge of current research on curricular. instruc- 
tional, and assessment innovations, 

ensuring equity in scheduling, and 

providing sufficient resources (e.g., equipment, lime, 

financL v^; to meet or exceed the resources n>commcndi\l 
in the NCTM Standards dcKuments; 

■ evaluate each teacher by using information gathenHi from a 



136 



126 



Essential Support Systems 



variety of sources such as the teachers' goals and plans, 
the students' accomplishments, repeated classroom observa- 
tions, and national professional st indards (Counting on You, 
1991. p. 22); 

» regulate and control class size as a means for effective instruction; 

» establish outreach activities with parents, guardians, leaders in 
business and industry, and other community members to build 
support for quality mathematics programs; and 

• report mathematical successes of students and teachers to the 

media. 

Administrators and school boards can take specific actions to 
fulfill these responsibilities. They can 

• recognize mathematics honor students and those students who 

have made significant improvement in their mathematics 
achievement (e.g., at school board meetings, at the students' 
individual schools, through special luncheons, breakfasts, or 
assemblies or through awards of T-shirts or special privileges); 

• value mathematics honor students with the same degree of enthu- 

siasm as members of the football team; 
" oversee funding so that all schools within a district have equitable 
funding and the equipment needed for mathematics instruction; 

• attend a mathematics conference with their teachers; 
' be more visible in their schools; 

' plan teachers' in-service and workdays with meaningful activities 
(e.g., programs within schools to meet specific needs, programs 
requested by teachers, or peer-group meetings); 

' arrange interaction among teachers of mathematics from elemen- 
tary, middle, and high schools; 

• sponsor family and community programs like the Family Math 

Program and make them district-wide events; 

• give recognition to volunteers in the schools; 

- substiiiiic for classroom teachers on occasion to keep abrcast of 

education needs, concerns, and reality; 
" arrange sabbaticals for teachers; 
provide teachers with time for peer group meetings within their 
.schools (e.g., u.se of teacher aides, creative scheduling); 

• provide rewards (other than release to administrative posts) for 

outstanding teachers of mathematics; 
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• provide incentives for teachers outside the field of mathematics 

to upgrade their mathematical knowledge, particularly 
elementary school teachers and those responsible for a stu- 
dent's entire curriculum; and 

• provide encouragement and compensation for working with 

mathematics clubs and competitions. 

Parents and Guardian; 

Parents and guardians with children in school have special respon- 
sibilities to 

• create a home environment that fosters high expectations, daily 

attendance at school, participation in extracurricular activities 
every year, a common-sense approach to mathematics as 
necessary and essential, and a positive attitude towards math- 
ematics; 

participate and support educational endeavors through 

- volunteering their time (e.g., chaperoning field trips or 

making materials), 

- volunteering their expertise (e.g., tutoring, discussing career 

opportunities, or explaining the need for mathematics 
in the work place), 

- school-based councils (e.g., PTA, FTO, PTSA, or School 

Improvement Committees), 

- studying research and training related to changes in curricu- 

lum, instruction, as.sessment, and technology, 

- politically advocating sound educational rcfoims and tax 

levies, 

- endorsing the professional development of teachers, 

~ supporting this framework and the NCTM vStandards docu- 
ments, 

- encouraging innovative activities in mathematics, 

- seeking information about their .school's mathematics pro 

gram, and 

.supporting the .study of maihemaiics every year through 

graduation; and 

demand equity in mathematics education for under- represented 
groups such as females, minorities, and the handicapped. 
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Parents and guardians can fulfill their responsibilities in a variety 
of ways. They can 

' attend their district school hoard meetings regularly; 

have family celebrations to recognize mathematics achievement; 

participate fully in local school events and programs; 

set a good example of lifelong learning by reading, attending 
classes, watching educational programs, using computers, 
and playing strategy or problem-solving games; 

use community resources such as libraries or museums and attend 
cultural events; 

cooperate and communicate with teachers and he aware of their 
child's progress in mathematics; 

lake responsibility for their child's education in mathematics; 

promote a positive disposition toward mathematics by pointing 
out the many ways mathematics is used on a daily basis; and 

provide the appropriate study environment, discipline, and guid- 
ance in the home. 



Business and industry have rosponsibililics to 
promote mathematical endeavors by 

- sponsoring and displaying mathematical activities for stu- 

dents in stores and restaurants, 
providing release time for employees and parents to visit or 
assist in classrooms, and 

- encouraging parental participation on school-based councils; 

provide resources and personnel for field trips, scholarships or 
incentives for teachers, homework hotlines, career days, math- 
ematics fairs, adopl-a-school or adopl-a-student programs, 
technology training, co-op programs, and participating in slate 
and local coalitions; 

arrange for teachers to shadow business/industry roles and ar 
range for teacher/student teams to connect and apply technol- 
ogy, mathematics, and science; and 

articulate business expectations and assist 

schools in curriculum development (real world applications). 
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improving teaching strategies (cooperative learning and 
communication skills), and developing appropriate 
assessments, and 
- school board members in hiring mathematically qualified 
teachers who arc committed to implementing this 
framework and the NCTM Standards documents. 

Business and industry can be responsible corporate citizens in their 
support of mathematics education. Specifically, they can 

• allow employees time to share their expertise with students and 

serve as a resource to the schools; 
' allow release time for employees to participate in school pro- 
grams; 

network with schools to create realistic problem-.solving activities 
involving mathematics; 

• help provide better career coun.sciing at elementary, middle, and 

secondary school levels to reinforce the need for mathematics 

in a wide range of careers; 
' provide opportunities for educational field studies in business 

and industry that emphasize the need for mathematics; 
" offer gift certificates to movie theaters, fast food restaurants, and 

department stores to students who show out.slanding math- 
ematical ability or improvement; 
' donate useful equipment, either new or u.sed, to schools; and 
' continue the practice of offering reduced automobile insurance 

rates for students with above average CPAs (particularly in 

mathematics). 

Elocted Offic':i!'' 

Ejected officials have responsibilities to 

" support decisions made by the mathematics education profes- 
sional community that .set directions for mathematics curricu- 
lum, instruction, evaluation, and .school practice; and 
provide resources and funding for, and assistance in, developing 
and implementing high-quality .school mathematics programs 
that reach all students, as envisioned in this Framework and the 
NCTM Standards documents. 

Fleeted officials can lend their support to matiicmaties education 
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through the prestige of their positions in government. They can 

• be more visible at school board meetings and at local school 

events honoring mathematics achievement; 

• send letters of congratulations to students who excel or show 

great improvement in mathematics; 

• mail students articles from newspapers or other publications 

which feature those students; 

• attend mathematics classes at all levels to gain a better under- 

standing of problems and needs; 

• act as a resource for teachers of mathematics; and 

• volunteer their time to assist or tutor in mathematics classes. 

The Media 

The various forms of the media have rcspoi.. bilities to 

• [report to] the public [on] the process of change in mathematics 

and science educatio ; 

• inform the public about the new standards for curriculum, teach- 

ing, and asscssjnent in mathematics; 
' help counteract stereotypes that hinder women and minorities 
from achieving their full potential in science and mathematics 
education; 

• report on mathematical success stories of students and teachers; 

and 

• promote a positive image of mathematics and its importance to 

the economic future of the United States. 
{Comting on You, 1991, p. 23) 

Specifically, tlie media can 

' provide more extensive coverage of mathematics honor students; 

• create sections in its publications for outstanding mathematics 

achievement and .success stories similar to what is done for 
sports; and 

" be more responsible in providing a better balanced coverage of 
mathematics education by emphasizing its positive aspects. 

(Note: the Mathematics Summit Action Plan of the Kentucky 
Department of Education, Frankfort, KV, is a source for .some of the 
ideas in this chapter.) 
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This Mathematics Framework cmtlines the key components that 
describe necessary conditions for improving mathematics education in 
South Carolina - a philosophical base from which educators can make 
informed curricular decisions. It is in harmony with national docu- 
ments that call for change - publications such as the Mathematical 
Sciences Education Board's Everybody Counts and the National 
Council of Teachers of Mathematics' Curriculum and Evaluation 
Standards for School Mathematics and Professional Standards for 
Teaching Mathematics. These documents are visionary and provide 
guidance and direction for mathematics education for the 1990s. 
Leaders in mathematics education agree that the realization of the 
goals presented in these documents will take a long time. In the Janu- 
ary 1992 issue of the ASCD Curriculum Update, past president of 
NCTM Shirley Frye stated, "This major change in mathematics will 
probably take us a decade" (p. 6). In concurrence, past president Iris 
Carl stated that it will be the end of the decade before even those 
people who have concentrated on implementing the Standards can be 
said to have done so. This framework is not an end in itself but rather a 
means to an end, a work in progress. Therefore, it appears likely that 
when South Carolina begins work on revisions to this framework, 
there will still be unrealized goals. However, the progress made will be 
recognizable and significant: 

" Each school district will have utilized this framework to pro- 
vide the local support and leadership necessary to transform its 
local mathematics curriculum into one of which this frame- 
work is the core, 

• A variety of new instructional materials developed both 

locally and nationally will be available to assist teaching and 
learning as described in this framework. 

• Assessment instruments and techniques rellectivc of this frame- 

work will be commonly used at local, state, and national 
levels. 

• All professional development models and opportunities 

available for teachers will be effective and will include the 
tenets of this framework. 
- A vast infusion of technological tools will have occurred in 
mathematics programs at all levels. 



ERIC 



U2 



132 



Epilogue 



■ An increased articulation of mathematics content and teaching 
methodology from elementary school through higher education 
will be evident. 

' Revised teacher certification and teacher preparation programs 
will reflect the recommendations of this framework. 

• A readiness by mathematics educators to revise and expand the 
vision of mathematics education for South Carolina will be 
apparent. 

Statements from the Professional Standards for Teaching Math- 
ematics (\99\) can be u.sed to describe our efforts as we seek to imple- 
ment this framework. 



In addition, Everybody Counts provides a powerful .sum- 
mary of what needs to happen. 
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Good teaching is neither a .set of activities, a program to be pur- 
chased, nor a textbook from which to teach. Good teaching is an art, 
and part of that art is being a watchful participant in the classroom. 
Among other things, this includes planning with (not .simply for) stu- 
cnts, capitalizing un their learning potential inherent in every class, 
and learning the best ways to teach from the students themselves. 

In order to be effective teachers of mathematics, teachers them- 
selves mu.st begin thinking like mathematicians and must help students 
view the world through the eyes of mathematicians. Good mathematics 
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classrooms are not quiet places where students do their own work. 
These classes should be filled with the joyous noise of question posing 
and discovery. These classes should have teachers as learners. Good 
mathematics classrooms are ever changing and do not necessarily look 
the same from one year to the next but rather reflect what teachers 
continue to discover about learning and the needs and interests of 
their students. 

There is no single best method of teaching mathematics. Teachers, 
with the help of their students, must find their own ways. While this 
framework may be helpful in answering questions about current trends 
in teaching mathematics, it should also raise important questions that 
individual teachers themselves must attempt to answer; 

How can 1 make mathematics more meaningful to the lives of 
my students? 

How can 1 get my students to teach and learn from each other? 

How can I help my students to pose good mathematical ques- 
tions and empower them with the ability to seek answers to 
some of those questions? 

How can I enable my students to .see mathematics as a tool for 
learning? 

How can 1 help my students and colleagues .see the role of math- 
ematics in other curricular areas? 

Teachers who read this document will be left with important questions 
of their own about the teaching and learning of mathematics. The 
answers to these questions lie within the art of teaching. 

Restructuring mathematics education is a formidable Ui.sk. This 
framework presents us with a challenge. The opportunity for change is 
upon us, and we are aware that meaningful change takes time. An old 
saying .states, "Where there is a will, there is a way." The way has 
been charted for the next several years by this framework. The next 
framework will point the way thereafter. Through our collective wills, 
we must now implement this framework ,so that all students will 
develop mathematical power and reap the benefits. 
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K-12 Mathematics Curriculum Standards 
by Content Strands 



Strand: Number and Numeration Systems 



Grades K-3 



Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• establish a strong sense of number by explormg concepts such 

as counting, grouping, place value (other bases as well as 
base ten), and estimating; 

• develop concepts of fractions, mixed numbers, and decimals; 

' use models to relate fractions to decimals and to find equivalent 
fractions; 

• communicate number relationships by exploring the comparing 

and ordering of numbers, fractions, mixed numbers, and deci- 
mals; and 

• relate the use and understanding of numeration systems to their 

world. 



Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• develop number sense for whole numbers, fractions, decimals, 

integers, and percents; 

• develop and use order relations for whole numbers, fractions, 

decimals, and integers; 

• use concrete models to explore ratios and proportions; 

' use concrete models to explore primes, factors, and multiples; 

• extend their understanding of the relationships among whole 

numbers, fractions, decimals, integers, and percents; 

• connect number and numeration systems with other aspects of 

mathematics and with other disciplines; and 
' relate the use and understanding of numi-ration systems to their 



Grades 3-6 



world. 
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Grades 6-9 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

extend their development of number sense to include all real 
numbers; 

develop and use order relations for real numbers; 

understand, represent, and use real numbers in a variety of 
equivalent forms (integers, fractions, decimals, percents, 
exponentials, and scientific notation) in a variety of real-world 
and mathematical problem situations; 

understand and apply ratios, proportions, and percents in a wide 
variety of situations; 

develop and apply number theory concepts (primes, composites, 
factors, aiid multiples) in a variety of real-world and math- 
ematical probltm situations; and 

connect number and numeration systems with other aspects of 
mu* hematics and with other disciplines. 

Grades 9-12 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

develop the hierarchy of the real number system and compare and 
contrast the various subsystems of the real number system with 
regard to their structural characteristics; 

connect number and number systems with other aspects of math- 
ematics and with other disciplines; 

use concrete models to explore fundamental properties of number 
systems; 

develop conjectures and proofs of properties of number systems; 

and so that, in addition, students intending to take advanced mathemat- 
ics can 

develop and understand the complex number system; 
develop an understanding of the concept of infinity; 
investigate limiting processes by examining infinite sequences 
and scries; and 
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connect the complex number system with other aspects of math- 
ematics and with other disciplines. 

Strand: Numerical and Algebraic Concepts and Operations 

Grades K-3 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

' use concrete models to develop an understanding of the concepts 
of addition, subtraction, multiplication, and division; 
investigate, model, and compare different strategies for construct- 
ing basic arithmetic facts with whole numbers; 
use models to allow students to construct their own algorithms 
for addition, subtraction, multiplication, and division of whole 
numbers; 

model, explain, and develop rcasr-nable proficiency in adding, 

subtracting, and multiplying whole numbers and evaluating the 

reasonableness of results; 
" compare and contrast different computational strategies for 

solving a specific problem; 
use mental computation, estimation, and calculators to predict 

results and evaluate reasonableness of results; 
use concrete models to explore operations on common and 

decimal fractions; and 
use whole numbers, common and decimal fractions, variables, 

equations, and inequalities to describe problem situations. 

Grades 3-6 

St idenb will participate in problem- solving activities through 
group md individual investigations so that they can 

understand and explain how the basic arithmetic operations relate 
to each other; 

extend their understanding of whole numi>er operations to frac- 
tions and decimals; 

use models, patterns, and relationships to construct and analy/x: 
algorithms for operations on whole numbers, fractions, and 
decimals; 
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model, explain, and develop reasonable proficiency in operations 

on whole numbers, fractions, and decimals: 
gain confidence in thinking and communicating algebraically; 
solve real-world and mathematical problem situations using 

algebraic concepts including variables and open sentences; 
use mental computation, estimation, and calculators to predict 

results and evaluate reasonableness of results; 
understand the concepts of variables, expressions, equations, and 

inequalities; and 
use models to explore operations on integers. 

Grades 6-9 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

use m( iels, patterns, and relationships to construct, explain, and 

analyze algorithms for operations on integers and explain how 

the operations relate to each other; 
develop reasonable proficiency in operations on integers and 

rational numbers; 
develop, analyze, and explain techniques for estimation; 
develop, analyze, and explain procedures fi - solving problems 

involving proportions; 
select and use appropriate methods for computing from among 

mental arithmetic, papcr-and-pencil, calculator, or computer 

methods; 

use mental computation, estimation, and calculators to solve 
problems, predict results, and evaluate reasonableness of 
results; 

understand the concepts of variables, expressions, equations, and 
inequalities and pain confidence in thinking and communicat- 
ing algebraically; 

represent situations and number patterns with models, tables, 
graphs, verbal rules, and equations and make connections 
among these representations; 

analyze tables and graphs to identify properties and relationships; 

solve linear equations using concrete, informal, and formal 
methods; 

investigate inequalities and non-linear equations informally; and 
apply algebraic methods to solve a variety of real-world and 
mathematical problems. 
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Students will participate in problem-solving activities through 
group and individual investigations so that they can 

•represent situations that involve variable quantities with expres- 
sions, equations, inequalities, and matrices; 

* use tables and graphs as tools to interpret expressions, equations, 

and inequalities, using technology whenever appropriate; 

"develop, construct, and evaluate fonr ilas to solve a variety of 
real-world and math :matical problems; 

'develop an understanding of and facility in manipulating alge- 
braic expressions, performing elementary operations o i 
matrices, and solving equations and inequalities; 

'recognize the worth, importance, and power of the matSicmatics 
of abstraction and symbolism; 

and so that, in addition, students intending to take advanced mathemat- 
ics can 

* demonstrate facility with operations on the complex number 

system; 

'use matrices to solve linear systems, using technology whenever 
appropriate; 

'demonstrate technical facility with algebraic transformations, 
including techniques based on the theory of equations; and 

'represent problem situations using discrete structures such as 
finite graph ;, matrices, sequences, and recurrence r.'lations. 

Strand: Patterns, Relationships, and Functions 

Grades K-3 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

'recognize, describe, extend, and create a wide variety of patterns; 
repre<vent, discuss, and describe mathematical relationships; 
' use calculators to create and explore patterns; 
'make generalizations based on observed patterns and a'lation- 
shi;)s; 
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explore the use of variables, equations, and iP'^qualiiies to ex- 
press relationships; and 

connect patterns, relationships, and functions with other aspects 
of mathem;Uics and with other disciplines. 

Grades 3-6 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

u ■ concrete models and calculators to create and explore 
patterns; 

explore, recognize, describe extend, analyze, and create a wide 
variety of patterns; 

represent, discuss, and describe functional relationships with 
tables, one- and two-dimension 1 graphs, and rules; 

analyze" and predict lunctional relationships and make generaliz. - 
tions based on observed patterns; 

explore the use of variables, equations, and inequalities to ex- 
press relationships; and 

connect patterns, relationships, ar i functions with other aspects 
of mathematics and with other disciplines. 

Grades 6-9 

Students will participate in problem-solving activities through 
gi lup and individual investigations so that they can 

use technology along with concrete, numerical, and abstract 
models to explore, descril>e, analyze:, extend, and create a wide 
varietv of patterns; 

rcprcseni, di.wuss, and describe functional relationships with 
tables, graphs, and rules; 

analyze." and predict functional relationships and make generaliza- 
tions based on observed patterns; 

use models and technology to analyze: functional relationships to 
•xplain how a change in one quantity results in a change in 
another quantity; 

use variables, equations, and inequalities to express functional 
relatii)nshiiis; 

make, test, and uuh/c generalizations about given information as 
a means of solving real-world and mathematical problems; and 
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• connect patterns, relationships, and functions with other aspects 

of mathematics and with other disciplines. 

Grades 9-12 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• understand the logic of algebraic procedures; 

• model real-world phenomena with a variety of functions, using 

technology whenever appropriate; 

• represent and analyze algorithms and relationships using tables, 

verbal rules, equations, and graphs, using technology whenever 
appropriate; 

• translate among tabular, symbolic, and graphical representations 

of functions, using technology whenever appropriate; 

• recogni?« that a variety of problem situations can be modeled by 

the same type of function; 

• explore calculus concepts informally from both a graphical and 

numerical perspective, using technology whenever appropriate; 

and so that, in addition, students intending to take advanced mathemat- 
ics can 

• analyze the effects of parameter changes on the graph of 

a function, using technology whenever appropriate; 

• understand the general properties, behaviors, and graphs of 

classes of functions, including polynomial, rational, radical, 
exponential, logarithmic, and trigonometric functions, using 
technology whenever appropriate; and 

• understand operations on clas.scs of functions, using technology 

whenever appropriate. 

Strand: Geometry and Spatial Sense 
Grades K-3 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

•describe, model, and draw two-dimensional geometric shapes to 
develop spatial sense; 
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describe and model three-dimensional geometric shapes to 
develop spatial sense; 
' identify, classify, and compare geometric shapes according to 
attributes; 

- investigate and predict the results of transformations of geometric 
shapes, including slides, flips, and turns; 

• investigate and predict the results of combining and partitioning 

geometric shapes; 

• explore informally tessellations, symmetry, congruence, similar- 

ity, scale, perspective, angles, and networks; 
connect geometry to related concepts in measurement and 
number; and 

^ identify and appreciate geometry in the world around them, 
including applications in science, art, and architecture. 

Grades 3-6 

Students will participate in problem-solving aclivilies tlirough 
group and individual investigations so that they can 

construct two- and three-dimensional geometric figures with 
concrete materials; 

■ identify, descril)e, classify, and compare two- and three-dimen- 

sional geometric shapes, figures, and models according to their 
attributes; 

• develop spatial sense by thinking about and representing geomet 

ric figures; 

• investigate and predict the results of transformations of shapes, 

figures, and models, including slides, fiips, and turns and 
combinations of slides, flips, and turns; 

■ investigate and predict the results of combining and partitioning 

shapes, figures, and models; 
explore tessellations, symmetry, congruence, similarity, scale, 

perspective, angles, and networks; 
- represent and solve problems using geometric models; 
understand and apply geometric relationships; 
develop an appreciation for geometry as a means of describing 

the physical worid; and 

■ connect geometry and spatial sense to other aspects of math- 

ematics and to other disciplines. 
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Grades 6-9 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

• model, identify, describe, classify, and compare two-and three- 

dimensional geometric figures; 

• use technology whenever appropriate to explore concepts and 

applications of geometry; 

• develop spatial sense by thinking about, constructing, and draw 

ing two- and three-dimensional geometric figures; 
" investigate and predict the results of combining, partitioning, and 
changing shapes, figures, and models; 

• investigate the results of transformations, including translations, 

reflections, rotations, and glide reflections, to reinforce con- 
cepts such as congruence, similarity, parallelism, perpendicu- 
larity, and symmetry; 

• apply coordinate geometry to locate positions in two and 

three dimensions; 

• represent and apply geometric properties and relationships to 

solve real-world and mathematical problems; and 

• connect geometry and spatial sense to the physical world, to other 

aspects of mathematics, and to other disciplines. 

Grades 9-12 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

represent real-world and mathematical problem situations with 
geometric models and apply geometric properties related to 
those models; 

use technology whenever appropriate lo explore concepts and 

applications of geometry; 
classify figures in terms of congruence and similarity and apply 

those relationships; 
deduce properties of and relationships between figures from 

given assumptions; 

• translate between synthetic and coordinate representations; 
' deduce properties of figures using transformations; 

deduce properties of figures using coordinate systems; 
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analyze properties of Euclidean transformations and relate trans- 
lations to vectors; 

• apply ti igonometry to problem situations involving triangles; 

' explore periodic real-world phenomena using the sine and cosine 
functions; 

and so that, in addition, students intending to take advanced mathemat- 
ics can 

• develop an understanding of an axiomatic system through investi- 

gating and comparing various geometries; 

• deduce properties of figures using vectors, using technology 

whenever appropriate; 

• apply transformations, coordinates, and vectors in problem- 

solving situations, using technology whenever appropriate; 

- understand the connection between trigonometric and circular 

functions; 

• use circular functions to model periodic real-world phenomena, 

using technology whenever appropriate; 
' "PPly general graphing techniques to trigonometric functions, 
using technology whenever appropriate; 

- solve trigonometric equations and verify geometric identities, 

using technology whenever appropriate; and 
' understand the connections between trigonometric functions and 
polar coordinates, complex numbers, and series, using technol- 
ogy whenever appropriate. 

Strand: Measurement 

Grades K-3 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

" explore the concepts of length, capacity, weight (mass), perim- 
eter, area, time, temperature, and angle; 
' classify angles as acute, right, or obtuse; 

• explore, discuss, and use nonstandard and standard (customary 

and metric) systems of measurement; 
■ use tools to compare units of measure within a given system; 

• make and use estimates of measurement; 
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. make and use measurement in problems and everyday situations; 
and 

. connect measurement to other aspects of mathematics and to 
other disciplines. 

Grades 3-6 

Students will jiarticipate in problem-solving activities through 
group and individual investigations so that they can 

- understand the concepts and attributes of length, capacitv, weight 
(mass), perimeter, area, volume, time, temperature, and angle 
measure; 

. understand the structure and use of nonstandard and standard 
(customary and metric) systems of measurement; 
estimate, construct, and use measurement for description and 
comparison; 

• select and use appropriate tools and units to measure to the 

degree of accuracy required in a particular situation; 

• use concrete and graphic models to discover formulas for finding 

perimeter and area of common two-dimensional shapes; 

■ use measurements and formulas to solve real-world and math- 
ematical problems; and 

' connect measurement to other aspects of mathematics and to 
other disciplines. 



Grades 6-9 



Students will participate in problem-solving activities through 
group and individual investigations so that they can 

» extend thei nderstanding of the concepts and processes of 
length, capacity, weight (mass), perimeter, area, volume, time, 
temperature, and angle measure; 

• estimate, construct, and use measurements to describe and com- 

- pare phenomena; 

- use suitable methods of approximations to find areas and vol- 

umes of irregular shapes; 

• understand the structure and use of nonstandard and standard 

(customary and metric) system' of measurement; 

• select and use appropriate tools and units to measure to the 

degree of accuracy required in a particular situation; 
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. develop the concepts of rates and other derived and indirect 
measuremenUs; 

. use concrete and graphic models to discover formulas for finding 
perimeter, area, and volume of common two- and three-dimen- 
sional shapes; 

' use measurements and formulas to solve real-world and math- 
ematical problems; and 
connect measurement to other aspecLs of mathematics and to 
other disciplines. 

Grades 9-12 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

estimate, construct, and use measurement for description and 
comparison; 

choose appropriate techniques, units, and tools to measure 
quantities; 

choose appropriate techniques for approximating the perimeter, 
area, or volume of irregular geometric figures or models; 

convert measurement units within a system to solve problems 
that involve various units, using technology whenever 
appropriate; 

apply the relationships between precision, accuracy, and toler- 
ance of measuremenUs, using technology whenever appropriate; 
use rates, similarity relationships, and trigonometric ratios to 
solve problems involving indirect measurements in two or 
three dimensions, using technology whenever appropriate; 
■ connect measurement with other aspects of mathematics and 
with other disciplines; 

and so that, in addition, students intending to take advanced mathemat- 
ics can 

understand the conceptual foundations of limits, infinite se- 
quences and series, the area under a curve, the rate of change, 
and the slope of a tangent line, aiid their applications to other 
disciplines, using technology whenever appropriate. 
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Strand: Probability and Statistics 
Grades K-3 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

- explore concepts of the likelihood of events, including impos- 
sible, not likely, equally likely, more likely, and certain 
events; 

generate questions, collect data, organize and display informa- 
tion, and interpret findings; 
. identify and appreciate examples of probability and statistics in 
the world around them; and 

connect probability and statistics to other aspects of mathemat- 
ics and to other disciplines. 

Grades 3-6 

Students will participate in problem-solving activities ^rough 
group and individual investigations so that they can 

. model situations by devising and carrying out experiments or 
simulations to determine probability; 

, extend their understanding of probability and statistics by system- 
atically collecting, organizing, discussing, and describing data, 
using technology whenever appropriate; 

, select and use a variety of representations for displaying data; 

. construct: read, and interpret tables, graphs, and charts; and 

. make and justify predictions based on collected data or experi- 
ments, using technology whenever appropriate. 

Grades 6-9 

Students will participate in problem-solving activities through 
group and individual investigations so that they can 

. model situations by carrying out experiments or simulations 
to determine probabilities, using technology whenever appro- 
priate; 

. model situations by constructing a sample space to determine 
probabilities, using technology whenever appropriate; 
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make inferences and convincing arguments based on an analysis 
of theoretical or experimental probability; 

collect, organize, analyze, describe, and make predictions with 
data, using technology whenever appropriate; 

construct, read, and interpret tables, graphs, charts, and other 
forms of displayed data; 

evaluate arguments that are based on data analysis; 

develop an appreciation for the pervasive use and misuse of 
probability and statistical analysis in the real world; and 

connect probability and statistics with other aspects of math- 
ematics and with other disciplines. 



Grades 9-12 



StudcnLs will participate in problem-solving activities through 
group and individual investigations so that they can 

understand the relationships between theoretical and experi- 
mental probability and between probability and odds; 

use experimental or theonitical probability to represent and solve 
problems involving uncertainty, using technology whenever 
appropriate; 

use simulations to estimate probabilities from real-world situa- 
tions, using technology whenever appropriate; 

understand the concept of random variable; 

create and interpret discrete probability distributions, using 
technology whenever appropriate; 

construct and draw infea^nces from charts, tables, and graphs that 
summarize data from real-world situations, using technology 
whenever appropriate; 

use curve fitting to predict from data, using technology whenever 
appropriate; 

describe in general terms the normal curve and use its properties 

to answer questions about sets of data that are assumed to be 

normally distributed; 
understand and apply measures of central tendency, variability, 

and correlation and apply the effects of data transformations on 

measures of central tendency and variability, using technology 

whenever appropriate; 
design a statistical exfHJriment to study a problem, conduct the 

experiment, and interpret and communicate the results, using 

technology whenever appropriate; 
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and so that, in addition, students intending to take advanced mathemat- 
ics can 

• apply the concept of random variable to generate and interpret 
probability distributions including binomial, uniform, normal, 
and chi square; 

' transform data to aid in interpretation and prediction, using 
technology whenever appropriate; and 
test hypotheses statistically, using technology whenever appro- 
priate. 
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S.C. Chamber of Commerce Education Study 

In 1992, the Sou'h Carolina Chamber of Commerce conducted a survey 
of member businesses "to identify what skills and competencies public 
school graduates in South Carolina need to have in order to be successful 
in the workplace." According to the Chamber's final report, this survey is 
"the first time that the South Carolina business community has collectively 
tried to voice its expectations for graduates of the public school system, 
grades K through 12." Following are the 37 workplace skills and competen- 
cies included in the survey, ranked in descending order from highest priority 
to lowest priority. (24 of the 37 skills and competencies were ranked as 
"high" or "very high" in priority.) 

Personal Qualities -- Someone who displays responsibility, self-esteem, 
sociability, self-management, and integrity and honesty. 

1 . Be honest and ethical in all their dealings 

2. Believe in themselves and maintain a positive outlook 

3. Try hard and persevere until they achieve their goal 

4. Assess themselves accurately, set personal goals, monitor progress, and 
exhibit self-control 

5. Be understanding, friendly, and polite in group settings 

Thinking Skills - Someone who thinks creatively, makes decisions, solves 
problems, conceptualizes, knows how to learn and how to reason. 

1. Identify and weigh all options and choose the best alternative 

2. Learn new skills 

3. Recognize problems and develop plans of action to address them 

4. Recognize relationships between people, ideas, or objects and use this 
information to solve a problem 

5. Generate new ideas 

6. Conceptualize and process information 

Information - vSomeone who acquires and uses inlbnnation. 
1. 1 ,{H)k for information they need 

2. Interpret and communicate information to others 

3. Organize information in a way that suits their needs 

4. Use computers to process information 

Interpersonal - Someone who works well with others. 

1. Work to satisfy customer expettalions 

2. Be a gwxl team player 

3. Develop leadership skills and not be afraid to take the initiative 

4. Appreciate and work well with men and women from diverse backgrounds 

5. Teach others new skills 

6. Know something of the art of negotiation 
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Basic Skills - Someone who reads, writes, listens, speaks, and performs 
math at a level that allows him or her to do their job well. 

1. Communicate thoughts, ideas, information, and messages in wri'ing 

2. Perform basic math and ^ply it to everyday situations in the workplace 

3. Organize ideas effectively and communicate orally 

4. Listen and respond well to the words and non-verbal cues of others 

5. Locate, understand, and interpret written information in a wide anay of 
documents, graphs, etc. 

6. Speak or understand a second language 

Resources - someone who organizes, plans, and allocates resources. 

1. Manage time wisely; prepare and follow schedules 

2. Manage people in a way that maximizes their motivation and performance 

3. Allocate and use materials or space efHciently 

4. Use or prepare budgets, make forecasts, keep records, and make adjust- 
ments to meet objectives 

Technology - someone who works well with a variety of technologies. 

1. Select and use appropriate procedures, tools, or equipment - including 
computers, software, and related technology 

2. Understand the overall intent and proper procedures for sct ip and opera- 
tion of equipment 

3. Maintain and troubleshoot equipment 

Systems - Someone who appreciates and under.stands how social, organi/a 
tional, and technological systems work. 

1. Understand how social, organizational, and technological systems work 
and operate effectively within them 

2. Distinguish trends, predict consequences, diagnose performance, and 
correct malfunctions 

3. Improve existing systems or design new ones 
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